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Abstract—We study minimax-rate adaptive estimation for density classes indexed by contin-
uous hyper-parameters. The classes are assumed to be partially ordered in terms of inclusion
relationship. Under a mild condition on the minimax risks, we show that a minimax-rate
adaptive estimator can be constructed for the classes.

Index Terms—Adaptive density estimation, combining procedures, minimax-rate adapta-

tion.
1 Problem of interest

This paper concerns adaptive density estimation. Information-theoretic tools will be used to
derive minimax-rate adaptive estimators for density classes indexed by continuous parameters.

Let Xy, X3, ..., X, be i.i.d. observations with density f(z),z € X’ with respect to a o-finite
measure y. Here the space X is general and could be any dimensional. The goal is to estimate
the unknown density f based on the data X" = (X4, ..., X,,).

The Kullback-Leibler (K-L) divergence between two densities f and ¢ is defined as D(f || ¢)
= [ flog(f/g)dp. Let || - || denote the Ly norm with respect to the measure pu, i.e., ||g|| =
+/f g%dp. Both the K-L loss D(f || f) and the squared Ly loss || f — f||% for an estimator f will
be considered for density estimation in this paper.

A density estimation procedure & refers to a sequence of estimators {ﬁ;dw;X”),n > 1}

based on observation(s) X™, n > 1 respectively. Let

R(f;n;8) = ED(f || fsn)
denote the K-L risk, and

r(fin;6) = B|f = fsal?



denote the squared L4 risk at the sample size n.
Let F be a class of density functions. For a given loss function [, the minimax risk for
estimating a density in F at sample size n is defined as
inf sup FI( ,
I fer
here the minimization is over all the density estimators. he minimax risks under the L
loss and squared Lg loss ill be denoted as (F n and (F n respectively. For some recent
results on minimax rate of convergence e refer to ang and arron ( . procedure
producing estimators , N converging at the same order as the minimax risk is said to
be minimax rate optimal.
Let F be a collection of density classes indexed by a hyper parameter
ere could be multi dimensional ith possibly continuous components (e.g. esov classes as
ill be studied in ection . hus the collection of density classes is uncountable in general.
he hyper parameter is often a smoothness parameter hich controls the minimax rate
of convergence. f  ere kno n the kno ledge could be used for constructing a minimax rate

optimal estimator. nfortunately is not kno n and cannot be estimated in reality. his calls

for adaptation over (or the density classes one ants a single estimation procedure
such that supser ( » (or supser ( m converges at the same order as (F n
(or (F n for each , L.e.

supjer ( m
(F n

lim sup for every

f such a procedure exists it ill be said to be minimax rate adaptive over the density classes
being considered.

Function classes ell studied in function analysis and approximation theory are smoothness
classes. xamples are obolev esov and older classes. number of minimax rate adaptive
estimators have been derived for these smoothness classes (see e.g. arron irge and assart
( and ang ( b for references . ot surprisingly the specific characteristics of these
classes are used rightfully in the construction of the adaptive estimators. he characteristics

hen used properly can yield estimators ith both theoretical and practical advantages (e.g.

avelet thresholding for spatial adaptation over esov classes as sho nin onoho ohnstone

































