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ABSTRACT

Multiple regressionwith correlatedpredictorvariablesis relevantto a broadrangeof problemsin the
physical chemicalandengineeringciencesChemometriciansn particular have madeheary useof prin-
cipal componentsegressiorandrelatedproceduresor predictinga responseariablefrom alarge number
of highly correlatedoredictors.In this papemwe developa generatheorythatguidesusin choosingprinci-
palcomponentshatyield very goodestimate®f regressiorcoeficients. Our numericalresultssuggesthat
thetheoryalsocanbeusedto improve partialleastsquaresegressionestimatorsandregressiorestimators
basedn rotatedprincipalcomponentsOur methodsalsoprovide insightaboutthe subspacef the predic-

tor matrix thatexplainstheresponséest.

KEY WORDS: BiasedregressionEigervalues;Meansquarecerror;

Multicollinearity; Partial leastsquaresyarimaxrotation.



1. INTRODUCTION

It iswell knownthattheordinaryleastsquaresegressiorcoeficientestimatomayperformpoorlywhen
therearenearmulticollinearitiesin X thematrix of predictorvariables.Thevarianceof the componentsf
theordinaryleastsquaregstimatobecomenflatedwhenoneor moreeigervaluesof thematrix of predictor
variablesarecloseto zero. Thisresultsn anestimatghatmayhave low probabilityof beingcloseto thetrue
valueof thevectorof regressiorcoeficients3. Thereareawealthof proposalsn the statisticditeraturefor
combatingthis problem. Principalcomponentsegressiorseemgjuite anappealingapproach(andis quite
popularin chemometricspecauset involveschoosinga subsetof the principalcomponent®f X. In the
processpnehopesto eliminatemulticollinearitiesand producea morereliablepredictionof theresponse.
As anaddedbenefit the selectedsubsedf the principal component®ften givesinsightaboutthe subspace
of thecolumnspaceof X thatexplainstheresponsavell.

Onepopularmethodin principalcomponentsegressioris to usethe principalcomponentgsorrespond-
ing to the £ largesteigervalues. See,for example,Frank and Friedman(1993). The problemwith this
approachs thatthemagnitudeof theeigervaluedepend®n X only andhasnothingto dowith theresponse
variable.Henceit is possiblethatprincipalcomponentsmportantin relatingX to theresponsareexcluded
becaus¢hey mayhave smalleigervalues.SeeJollife (1982)for severalreal-life examples.Corversely the
approachmay include principal componentsghat are unrelatedo the response Consequentlyhe method
doesnot generallypick the mostparsimoniousnodelfor the columnspaceof X thatexplainstheresponse
well.

An alternative approachis to usethe principal componentshat have the highestcorrelationswith the
responsewhich makesintuitive sense.However, thereare criticisms. Seefor exampleMasonandGunst
(1985)and Almoy (1996). In particular AlImoy’s numericalstudiesshaovedthat this alternatie approach
workedslightly worsethanusingthe componentsvith thelargesteigervaluesin the predictioncontext. Our

paperfocuseson therelatedbut slightly differentgoal of estimating3 well.



Frankand Friedman(1993)also studiedridge regressionand reportedfavorableresultsof it in terms
of the expectedsumof squaredpredictionerror Unfortunately ridge regressiondoesnot provide insight
aboutthe subspacef X thatexplainsthe responsavell. Stein'stype estimatorfis for this problem(e.g.,
proposedy Oman,1991)is avery attractive estimatorsinceXBS uniformly dominateghe ordinaryleast
squaresestimatorof X3 in termsof MSE. SeealsoBlaker (1993). However, the problemis thatOmans
estimatorgivesananswelin the k-dimensionakubspacspannedy thefirst £ principalcomponent®f X
(wherek mustbe prespecifiedpr the full columnspaceof X. It seemaundesirableo restrictonly to two
differentdimensionsindnot allow the datato choosebetweenvariousdimension®f X, notto mentionthe
difficulty in prespecifyinganappropriatek.

In Section2 of this paperwe focuson a procedurghatusesthe datato choose: principalcomponents
where0 < k£ < r andr is therankof X. In particular by minimizing the meansquarecerror, we derive
a generaltheorythat guidesus in choosingthe “components”. The “components’referredto are either
principal componentsyarimaxrotationof principal componentsor partial leastsquarexomponentsSee
Sections3, 4 and5, respectiely. The estimatorsstudiedarelisted in Sections6. Section7 containsthe
analysisof a dataseton nationalmenstrackrecords.

The simulationstudy in Section8 recommends method1(h) basedon a data-dependerthoice of
principalcomponentsThis estimatomprovidesvaluableinsightaboutthelinearsubspacef X thatexplains
theresponsavell. It alsohasthe lowestsimulatedtiotal meansquareckrror, muchbetterin particularthan

the principalcomponentsegressiorestimatordiscussedn the secondparagraplof thisintroduction.
2. GENERAL DEVELOPMENT

Considethestandardegressiormodel Y° = a1 + X°3 + <%, whereY? is ann-dimensionatesponse
vector X" isann x p predictormatrix, 3 is a p-dimensionaliectorof unknovn regressiorparameterss® is
arandomvectorsatisfyingF () = 0 andVar(e°) = oI for someunknovno? > 0, and1 representthe

n-dimensionatolumnvectorof ones.LetY = Y° — 11'Y%/n andX = X° — 11’ X%/n. Hence thesum
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of Y andthesumof eachcolumnX is zero. Furthermorenve may now write the modelasY = X3 + &,
wheree = €% — 11’¢%/n.

Our goalis to estimate3. Let r denotetherank of X. The full-column-rankcase(r = p) is most
relevantbecauseall component®f 3 areestimableonly whenr = p. We will allow, however, » < p unless
otherwisenoted.

LetZ denotean x r matrixwhosecolumnsareanorthonormabasisfor thecolumnspaceof X. Rather
thanprojectingY ontothe columnspaceof X asin ordinaryleastsquaresegression(OLSR),we wish to
considerprojectingY onto a subspacef the columnspaceof X spannedy a subsetof the columnsof
Z. LetC consistof k distinctintegerschoserfrom 1, ..., r thatrepresentheindicesof selectectolumns
of Z. Let C denotethe » x k& matrix consistingof columnsof ther x r identity matrix corresponding
to 5 € C. An estimatorof 3 basedon the orthonormalbasisZ andthe chosenset( is given by BC =
W(W'W)~ICC'Z'Y, whereW = [wy,..., w,] denoteshe uniquep x r matrix of rank r suchthat
X = ZW' (i.e., W = X'Z).

Note that X 3, = ZW'B. = ZCC'Z'Y = (ZC)[(ZC)(ZC)]"'(ZC)'Y. Thus,whenC =
{1,...,r}, X BC is the unique projectionof Y on the column spaceof Z or, equivalently, the unique
projectionof Y ontothe columnspaceof X. It followsthat,for ¢ = {1,...,r}, BC is a leastsquares
estimatorof 3, in generalandtheuniqueandunbiasedeastsquaregstimatonf 3 whentherankof X is p.
WhenC C {1,...,r},X BC is theprojectionof Y ontothesubspacepannedy the columnsof Z indexed
by C.

Generakxpressiongor the expectatiorandvarianceof BC aregivenby

E(Be) = ACC'W'B  and Var(B¢) = 0c’ACC'A' = 0*)_ a;al, (1)
jec
whereA = [aj,...,a,] = W(W'W)~'. WhenC ¢ {1,...,r}, expression(1) shaws that 3 is a

potentiallybiasedestimatorof 3. It canbe shown that BC will beunbiasedor 3 if andonlyif 3 isin the

columnspaceof W andw’3 = 0 for ary j ¢ C. Expressior(1) shavsthatthevarianceof ary component
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of BC will be no larger thanthe varianceof the correspondingomponenbf the leastsquaresestimator
To balancethe virtue of lower variancewith the costof higherbias, we seekthe setC thatwill yield the

estimatomith thelowesttotal meansquarecerror;i.e.,wewishto find C sothat
MSEC)=E| Be —=BI|’=E || Be = E(Be) I+ | E(Be) - 8| (2)

is minimized. MSE asdefinedin (2) is thetraceof the MSE matrix E{( 3. — 3)( B; — B)'}. A varietyof
otherperformanceneasuredasecn the MSE matrix canbe usedto judgethe quality of anestimator We
chooseto considerMSE asdefinedin (2) becausat is intuitively appealingo find the estimatorthat will
minimizethe expectedsquared=uclideandistanceof the estimatoifrom the estimand.

Notethatthefirst termontheright handsideof (2) is equalto

Trace{Var( B¢)} = 0?Trace(ACC'A’) = ¢?Trace(C'A’AC) = o? Y ala;. (3)
jec

Usingtheidentity WA'A = A, we obtainthatthe secondermon theright handsideof (2) is equalto
|ACC'W'B-3|* = BB+B8WCCA'ACC'W'3 -23WA'ACC'W'3

= BB+ (6;> bia; — 26, brap)'a;, (4)

jec  iec k=1

where® = (6y,...,6,) = W'B/s. By (3) and(4), minimizing MSE(C | 3, 0?) with respectto C is

eguivalentto minimizing

g(C | 0) = Z(a]‘ + 0]‘ Z 0;a; — 20]‘ zr: Hkak)’aj (5)
k=1

jec ieC
with respecto C. Thework of this sectionestablisheghefollowing result.
THEOREM 1. LetC* denotethesubsenf { ,..., } thatminimizeg5). Theestimator 3, hasthelowest
total meansquae error amongall estimatorsof the form BC, ie, [BC hasthe lowesttotal meansquae
error amongall estimatordasedon a projection ontoa spacespannedy a subsebf the columnsof
The direct usefulnesof Theoreml is limited by the fact that 8 is unknown in realistic regression

problems Nonethelesgheresultsuggestaniterative algorithmthatyieldsanestimatorof 3 with low total
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meansquareerror. Let denoteaninitial estimateof . (Usually will beof theform ,

where and areinitial estimateof and obtainedthroughconventionalmeanshut thatis not

necessary An iterative procedurdor estimating is asfollows.

1. Given , let denotethe subsebf thatminimizes

2. Let

3. Let ~,where denoteghe cardinalityof the set

4. Let

5. Set to andreturnto stepl until for some

In generalstepl of thealgorithmrequireghe computatiorof for equallingall subsets
of . Wewill shav, however, thatcomputatioris greatlysimplifiedfor the specialcaseof principal

componentgegression. Although we have presentedhis algorithm as an iterative procedure we have
adoptedhe conventionof stoppingthe algorithmafter a singleiterationfor the analysisof anexamplein
Section7 andthe simulationsn Section8. Our experiencewith thealgorithmsuggestshatthereis little to
be gainedbeyond a singleiteration. In the vastmajority of the casexonsideredthe procedurecorverged
immediatelyafter the initial estimatewaschangedj.e., . Thus, to simplify computing,we
use and asthe final estimatesof and for thosemethodsthat rely on the algorithm. We
demonstratéhe usefulnes®f this algorithmfor several specialcasesn the simulationsof Section8. The
next threesectionsexaminethe applicationof Theoreml to regressioron principalcomponents,egression

onrotatedprincipalcomponentsandregressioron partialleastsquaresomponents;espectiely.

3. APPLICATION TO PRINCIPAL COMPONENTS REGRESSION



Let where denoteghe th non-zeroeigervalueof . Let
denotehecorrespondingigervectorsof . Thesampleprincipalcomponentsorrespondingo thenon-
zero eigervaluesof are . In principal componentsegression(PCR), is regressed
on a subsetof the sampleprincipal components.The estimatedregressioncoeficientsfor the principal
componentsn the chosensubsetare usedto obtainregressioncoeficientsfor the original columnsof

For example,suppose is regresseagainsthefirst andthird sampleprincipalcomponentso obtain

where denotegheordinaryleastsquareestimateof theregressioncoeficientfor the th principalcom-

ponent.Thenaprincipalcomponentgstimatorof  is givenby

Principalcomponentsegressiorestimatorslike , areof theform describedn Section
2. Thesingularvaluedecompositiorof implies , where
and

Note thatthe orthonormalcolumnsof —arethe sampleprincipalcomponent®f , scaledto unit length.

We may equate and with and |, respectiely. Furthermore . The estimator
simplifiesto . In thesimpleexampleconsideregbreviously, consistof thefirst andthird
columnsof the identity matrix, andwe have

We canuseTheoreml in Section2 to determinethe setof principal componentshat correspondso the

principalcomponentsegressiorestimatorof — with minimumtotal meansquareerror.



CoroLLARY 1. Theprincipal componentsegressionestimatorof — with smallesttotal meansquae er-

ror is obtainedby regressing againstthe sampleprincipal componentindexed by the set

PrROOF: With , sothat for and when . Equation(5)
simplifiesto . Clearlythe minimizing setincludes if andonly if theterm
correspondingo in thesumis negative. Theresultfollows.

Interpretation of Corollary 1. Oftenin principal componentsegressionthe principal components
correspondingdo the smallesteigervaluesare discarded.The varianceof in principal componentse-
gressions , soexcludingtheprincipalcomponentsvith thesmalleskeigervaluesfrom can
greatlyreducethe varianceof thecomponent®f . Althoughthe stratgy makessensevhenvariance
reductionis a priority, severalauthorshave warnedagainstthis practicebecauséhereis no guaranteghat
principal componentsvith small eigervalueshave an unimportantrelationshipwith . Kung and Sharif
(1980)andJollife (1982)provided exampleswherethe principalcomponentgorrespondingo smalleigen-
valueshave high correlationwith . HadiandLing (1998)provided an examplewhereonly the principal
componenassociatedvith thesmallesiigervaluewascorrelatedvith

Thecriterionsuggestedby Corollary 1 clearly discourageshe useof principalcomponentsvith small
eigervaluesput eigervaluesizeis nottheonly considerationEvenwhen  is small,the thcomponenwill
beselectedvhen is sufficiently large. Thequantity isameasuref thestrengthof relationship
betweerthe thcomponenandtheexpectedvalue given . Notethattheanglebetweerthe thprincipal

componenand is

Thus,when is large, the anglebetweenthe th principal componentand is closeto

zeroor to 180 degrees. In eithercase,the th principal componenwill be usefulwhenforming a linear



combinationof principal componentgo estimate . On the otherhand,when is close
to zero,the th components nearly orthogonalto andwill be of little usewhen estimating
with alinearcombinatiorof principalcomponents.
Implementation of Corollary 1. Theminimum-MSEPCRestimatorindicatedby Corollary 1 depends
ontheunknovnvalueof . Theiterative algorithmdescribedn Section2 canbe usedto approximatehe

minimum-MSEPCRestimator Stepl simplifiesto

1. Given , let

The performancef the procedurdor avarietyof startingvaluesis investigatedn the exampleof Section7
andin thesimulationsof Section8.

Theproceduren stepl doesnotaccountor theerrorin estimating . An alternatve procedureanbe
basedon testsof the hypotheses for . The th components usedto estimate
if andonly if thehypothesis s rejectedat a prespecifiedevel. Thetestscanbe carriedout by noting
that is distributedasa noncentralF randomvariablewhen and aretheordinary
leastsquareestimate®f and |, respectiely. A p-valuefor testing canbefoundby computingthe
probabilitythatan F randomvariablewith 1 and degreesof freedomandnoncentralityparameter
1 meetsor exceedghe obseredvalueof . Thisleadsto a proceduredenotedl(h)in Section6, whichis
therecommendegrocedureof this paper Note thatthis procedureselectghe principalcomponentaving
the highestabsolutesamplecorrelationwith  because . Oneof the contributions
of this paperis to provide a specificway of choosingthe thresholdon the absolutecorrelationso thatthe
resultantegressiorestimatomworkswell.

A proceduresimilarto 1(h) thatresultsin theinclusionof morecomponentsleleteghe th component
if andonly if is rejected.This procedurelabeledl(i) in Section6, appearso behae much
like the OLSR estimatorfor the simulationsettingswe considered.Seethe examplein Section7 andthe

simulationsn Section8.
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Relationship to PreviousWork. Sereralpapershave beenwritten onthetopic of selectingcomponents
for principalcomponentsegression Thetexts by Jacksor(1991)andJollife (1986)provide discussion®f
selectionproceduresnda roadmapto relevantliterature.We concludethis sectionby citing a few papers
thatarecloselyrelatedto Corollary 1 andthe proposedterative estimationprocedure.

Marquardi(1970),GunstandMason(1977),andHill, Fomby, andJohnsor{1977)shaw thatthe princi-
pal componentsegressiorestimatothatuseshefirst principalcomponentsvill hase lower meansquare

errorthantheleastsquare®stimatomwhen

By computingthe differencebetweenthe MSE of the leastsquaresestimatorand the MSE of the more

generalPCR estimatorthat allows the use of ary subsetof principal componentsBelinfanteand Coxe

(1986) shaw that the MSE of the PCR estimatorwill be minimized by deletingcomponentdor which
, where . Thisis equivalentto Corollary1.

BelinfanteandCoxe (1986)recommendapproximatinghe minimum-MSEPCRestimatorby the PCR
estimatorwhich deleteshe component$or which ,where and aretheleastsquares
estimates(Thisis aspecialcaseof our iterative procedurevhereleastsquaress usedto producetheinitial
estimateof andtheproceduras haltedafterasingleiteration.Seel(c)in Section6.) BelinfanteandCoxe
(1986)notethat isan -statisticfor testingthesignificanceof the th principalcomponensre-
gressiorcoeficient. Thustheir procedures aspecificimplementatiorof oneof Massys (1965)suggestions
— deletethe componentshatarerelatively unimportanaspredictorsof thedependenvariable.

A commonpracticecloselyrelatedto the procedureof BelinfanteandCoxe (1986)is to deletecompo-
nentswhose -statisticsare not statisticallysignificantat a pre-specifiedevel. MasonandGunst(1985)
cautionthatthe testfor the significanceof the th principalcomponensregressiorcoeficientwill have
low powerwhen is extremelysmall. Hence proceduredasedn testsof thesignificanceof theprincipal

componentstegressiorcoeficients(like 1(b)definedin Section6) mayfail to includerelevantcomponents.

11



This problemmaybe someavhatalleviatedby the useof therelatively low critical value(i.e., 1.0)adwocated
by Belinfanteand Coxe (1986). However, Belinfanteand Coxe’s procedurelabeledl(c) in Section6, ap-

peargo includetoo mary component®asedn the simulationsn Section3.

4. APPLICATION TO REGRESSION ON ROTATED COMPONENTS

Although principal componentiave mary nice propertiesa given componentis often difficult to in-
terpretasa linear combinationof the original predictorvariables. Many methodsof rotatingcomponents
to improve their interpretabilityhave beenproposed.The varimaxrotation— dueto Kaiser(1958,1959)—
is the mostwell known of the orthogonalrotationmethods.Chapter8 of Jackson(1991)containsa brief
descriptiorof varimaxalongwith severalotherrotationmethodsandrelevantreferences.

In this section,we considerthe problemof selectingthe bestsubsebf orthogonallytransformedom-
ponentsfor usein regression. By “best” we meanthe setof transformedcomponentghat will yield the
estimatorof  with lowestMSE. We arenot attemptingto find the transformatiorof the componentshat
will yield thebestestimatorof . Ratheygivena setof orthogonallytransformeccomponentsye seekthe
subsebf thetransformecomponentshatcorresponds anestimatorof ~ with minimumMSE amongall
estimatorghat arebasedon the projectionof  ontoa subspacepannedy a subsetf the transformed
componentsSucha problemis of interestto a researchewho wishesto both (i) studythe relationshipbe-
tweentheresponsevariableanda particularsetof interpretablecomponentsnd(ii) to accuratelyestimate
theregressiorcoeficientsfor the original variablesusingthe setof interpretableeomponentsilt is possible
thatthe bestestimatotbasedon the transformedccomponentsvill have lower MSE thanthe bestestimator
basedntheoriginalcomponentshut this is not necessarilyhe case.

Recallthat the sampleprincipal componentsscaledto unit length,arethe columnsof
Suppose isan orthogonalmatrix suchthatthe columnsof areinterpretablecomponentsWe
makeno attemptto give a formal definition of “interpretablecomponent”. Interestedreadersmight see

Thurstones (1947) conceptof simple structuresummarizedn Harmon(1976) and Jackson(1991). The
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basicideais thatthe columnsof shouldbe dominatedby relatively simplelinearcombinationof the
original predictorvariablegatherthanthe potentiallycomple linearcombinationgoundin the columnsof
. Because and , We mayassociate  and , respectiely, with and
of Section2. Theestimator  simplifiesto in this case.We have thefollowing
corollaryto Theoreml.

COROLLARY 2. Suppose is the matrix whosecolumnsconsistof the sampleprincipal component®f

scaledto unit length. Suppose is an arbitrary orthogonalmatrix. Let  denotethe subsetf
thatminimizeg5), whee isthe th columnof and .Let  denote
the matrix correspondingo . Theestimator hasthe lowesttotal meansquae

error amongall estimatorof thatare basedona projectionof ontoa spacespannedy a subsebfthe

columnsof

In practice,we mustrely on the algorithmof Section2 to provide a low-MSE estimatorbasedon the
projectionof  ontothe spacespannedy a setof orthogonallytransformeccomponentsThe examplein
Section7 andthe Simulationsof Section8 examinetheperformancef suchanestimatomwhentheprincipal

componentaresubjectedo the varimaxtransformation.

5. APPLICATION TO PARTIAL LEAST SQUARES REGRESSION

Partial leastsquaregegression(PLSR) is a methodthat hasbeendevelopedand usedprimarily by
chemometricianfr predictingarespons&ariable(or vector)from anoftenlarge numberof multicollinear
predictorvariables.Althoughthe mainfocusof PLSRhasbeenon the predictionof the responseariable,
themethodcanbeusedto produceanestimateof  with low MSE. Theoriginsof thetechniquecanbetraced
to Wold (1966). Many authorshave madeimportantcontributionsto the developmentand understanding
of PLSR. Papersby Stoneand Brooks (1990) and Frank and Friedman(1993) (and the accompaying

discussionsgxaminePLSRin a broadcontext andprovide referenceso muchof therelevantliterature.
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A PLSRestimateof canbecharacterizedsanestimatorof theform when istakento beapar

ticular orthonormabasisof the columnspaceof . Thisorthonormabasiscanbe developedsequentially

asfollows. Let . For . define
where for
Then arelinear combinationsof the columnsof  constructedso that eachlinear combi-

nation hasmaximal samplecovariancewith  amongall linear combinationghat are orthogonalto the

previouslinearcombination@ndhave columnweightswhosesquaresumto 1. For ; wedefine
the th partial leastsquaresomponengs . Thesepartial leastsquaresomponents
form an orthonormalbasisfor the columnspaceof . With and , the PLSR
estimatorof is of theform , Where isasubsebf thatcontains wheneerit contains

The partial leastsquaredasisfor the columnspaceof is constructedasa functionof both  and
. Thisis in contrastto the orthonormalbasedliscussedn Sections3 and4 whoseconstructiordepends
onlyon . Thetheoreticadevelopmentn Section2 implicitly assumeshematrices and  arefixed.
ThusTheoreml is not directly applicableto the PLSRestimatorof |, eventhoughthe PLSRestimatoris
of theform . Nonethelessthe simulationsin Section7 suggesthatthe MSE of the PLSR estimator
canbeimproved by usingthe iterative algorithmof Section2 to selectthe numberof partialleastsquares

componentsitilized by the PLSRestimator The computationafequirement®f stepl of thealgorithmare

greatlyreducedn PLSR.Ratherthancomputing forall subsets , need
only be evaluatedfor the subsetof satisfying wheneer . Estimators
correspondingo othersubsetof arenot PLSRestimators.

By the Cauchy-Schwarmequality . Computationof subsequenpartial least

squaresomponentss morecomple. Helland(1988)shows the equivalenceof two popularpartial least

squaresalgorithmsand provides a third algorithmthat can be usedto computea PLSR estimateof
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Denham(1995)providesguidanceonimplementinghesealgorithmsin FORTRAN, Matlab,andSplus.We
have useda variationon the orthogonalscorescodeprovided by Denham(1995)to determine

with Splus.

6. INVESTIGATED METHODSFOR ESTIMATING

Simulationstudiesthat comparea variety of biasedregressionmethodsfor estimating arecommon
in the statisticdliterature. Someexamplesinclude Dempster Schatzof, andWermuth(1977), Gunstand
Mason(1977),andFrankandFriedman(1993). All thesepapersconsiderOLSR, oneor morevariantsof
PCR,andoneor morevariantsof ridge regression.The latter paperexaminesthe performanceof PLSRas
well. Section8 of our paperdescribesa simulationstudyof methodsfor estimating thataremotivated
by Theoreml. The primary goal of the simulationstudyis to obtainsomemeasureof the usefulnes®f
Theoreml for selectingcomponentgprincipal,rotated,or PLS)thatyield estimatorof  with low MSE.
We will focuson the ability of the selectioncriteriadescribedn Sections3, 4, and5 to improve upona
variety of initial estimate®f . Themethodgshatwe will consideiin the simulationsof Section8 andthe

exampleof Section7 aredescribedsfollows.

1. PCREstimators.

(a) TheOLSRestimatori.e., for

(b) Theestimatooftheform ,where includes if andonlyif is significantlydifferentfrom

atthe0.05level.

(c) The estimatorof the form obtainedthroughthe algorithmdescribedn Section2 with the

OLSRestimatorasa startingvalue.

(d) Theestimatorof theform |, where is chosernthroughleave-one-outcrossvalidationfrom

the subsetof satisfying wheneer
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(e) Theestimatooftheform  obtainedhroughthealgorithmdescribedn Section2 with starting

valueprovided by method1(d).

() Theestimatorof theform |, where is choserthroughleave-one-outcrossvalidationfrom
the subsetof satisfying wheneer andthe samplecorrelation

between and is greatetthanthe samplecorrelationbetween and

(g) Theestimatooftheform  obtainedhroughthealgorithmdescribedn Section2 with starting

valueprovided by method1(f).

(h) Theestimatorof theform thatincludesthe th componentn if andonly if

is rejectedat significancdevel 0.05.

(i) Theestimatooftheform  thatexcludesthe thcomponenfrom if andonlyif

is rejectedat significancdevel 0.05.

()) Theestimatorof theform obtainedthroughthe algorithmdescribedn Section2 with true

valueof asthestartingvalue.(Notethatthisis notarealestimator)

2. EstimatordBasedon the VarimaxRotationof the PrincipalComponents.

(&) TheOLSRestimatori.e., for

(b) The estimatorof the form obtainedthroughthe algorithmdescribedn Section2 with the

OLSRestimatorasa startingvalue.

(c) Theestimatorof the form obtainedthroughthe algorithmdescribedn Section2 with true

valueof asthestartingvalue.(Notethatthisis notarealestimator)

3. PLSREstimators.

(&) TheOLSRestimatori.e., for
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(b) The estimatorof the form obtainedthroughthe algorithmdescribedn Section2 with the

OLSRestimatorasa startingvalue.

(c) Theestimatorof theform |, where is chosenthroughleave-one-outrossvalidationfrom
the subsetof satisfying wheneer

(d) Theestimatowoftheform  obtainedhroughthealgorithmdescribedn Section2 with starting
valueprovided by method3(c).

(e) The estimatorof the form obtainedthroughthe algorithmdescribedn Section2 with true

valueof asthestartingvalue.(Notethatthisis notarealestimator)

The estimatorgproducedby methodsl(j) and2(c) areoptimal estimatorsn the senseof Corollariesl

and2. Methodsl(j), 2(c), and3(e)cannotbe usedin practicebecauseéhetruevalueof will be unknawn.

Theseestimatordave beenincludedin thesimulationstudyto gaugetheimpactof usingimperfectstarting

valuesin thealgorithm.

7. AN EXAMPLE

We examinedataon nationalmens trackrecordsfor 55 countriesin 8 eventsusingdatafrom Johnson

and Wichern (1998). The eventsconsiderednclude the 100m,200m,400m,800m, 1500m,5000m,and

10,000nracesalongwith themarathon(42,195m) For thesakeof illustration,we treattherecordmarathon

performancesthe response/ariableandfocuson estimatingthe multiple regressioncoeficient for each

recordin a shorterevent. We corvertedall recordso speedsn meterspersecondor this analysis.

Biasedregressionmethodsmay be usefulfor estimatingthe vector of regressioncoeficientsfor this

datasetbecausehereis evidenceof nearmulticollinearity. Samplecorrelationsbetweerpairsof predictor

variablegangefrom 0.596(100mand5000m)to 0.972(5000mand10,000m).Theeigervaluesof are

26.32,3.64,0.65,0.43,0.32,0.24,and0.15. Thefirst principalcomponenexplainsapproximately83% of

thetotal samplevariancewhile thelastprincipalcomponengxplainslessthanhalf a percent.
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Estimatesof for all the methodsdescribedn Section6 aredisplayedin Table1. Methodsthatyield
thesameestimatdor arelistedonasinglerow. Methodsl(a),2(a),and3(a)will, of coursealwaysyield
the sameestimateof becausehey arebasedon a projectionof  ontoa basisfor the columnspaceof

. Otherestimatorghathappenedo coincidefor this examplewill notalwaysagree We would expectthe
recordspeedsn thelongestracesto be mostpositively correlatedwith recordmarathorspeedandall the
estimate®f matchthis expectation.The estimate®f the regressioncoeficientsaregenerallyincreasing
with increasingeventdistance The mainexceptioninvolvesthe negative coeficientassignedo the 1500m
recordspeeddy the OLSR estimatorandthe estimatorsl(c), 2(b), and 3(b) which useOLSR estimateasa
startingvalue.

For this example,the methodsn the secondow of Tablel1 useonly thefirst two principalcomponents
of toestimate . Thestandarakrrorsfor the OLSRestimatomndthePCRestimatothatusesonly thefirst
two principalcomponentsareprovidedin thefirst two rows of Table2. Notethatthe estimated/ariability of
the PCRregressiorestimatess greatlyreducedelative to the estimatedvariability of the OLSR estimates.
The coeficient for therecord10,000mspeeds the only OLSR coeficient significantlydifferentfrom O at
the0.05level. In contrastall the PCRcoeficientsaresignificantlydifferentfrom zeroatthe0.05level. The
third row of Table2 containsstandarcdrrorestimatesorrespondingo the estimatomobtainedy regressing

againsthe 1st,2nd,and7th component®btainedthrougha varimaxrotationof all the scaledprincipal
componentsMethod 2(b) is equivalentto this estimatorfor this dataset. The standarderrorsaregreatly
reducedrelative to OLSR standarderrors)for thefirst five coeficients. Estimatedstandarcerrorsareonly
slightly reducedfrom OLSR standarderrorsfor the lasttwo regressioncoeficients. Carefulexamination
of the componentgevealsthat theselarge standarderror estimatesare dueto the useof the 7th rotated
componentvhich, in this case,is a linear combinationof the original scaledprincipal componentsvith a
largeweighton the 7th scaledprincipalcomponent.

The standarderrorsreportedin the secondand third rows of Table 2 are not the standarderrorsfor
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ary of the methodsdescribedn Section6. All the methodsconsideredn this paper(with the exception
of OLSR)use to choosecomponentdgor regression.The PCRandandrotatedPCRmethodsuse to
choosdrom amongcomponentgonstructedsafunctionof . ThePLSmethodsuse to construciand
selectcomponentdor regression.Theseestimatorshave unknown distributions. Standarcerror estimates
thataccounffor the randomselectionof componentgould be estimatedhroughbootstrapprocedureshut
suchstandarderror estimatesare not consideredn this paper The standarderrorsin the secondrow of
Table2 arethe correctstandarcerror estimatedor the PCRestimatorthatusesonly thefirst two principal
components.Methods1(b) and 1(d)-1(h) happento coincidewith this estimatorfor this dataset. These
may beviewedasthe correctstandarcerrorestimatesn aconditionalsense Similar statementapplyto the
connectiorbetweenthe standarcerror estimatesn the third row of Table2 andthe estimatorproducedoy
method2(b).

The coeficients of the linear combinationsusedto form the first two principal componentsthe 1st,
2nd, and 7th rotatedcomponentsand the first two PLS componentsare providedin Table 3. The first
principal componenis roughly proportionalto an averageof the recordspeedsandcanbe viewed asan
overall measureof the strengthof a country's track program. The secondcomponents a somavhatcrude
contrastbetweenthe shorterandlonger eventswith heasiestweightson the extremes. The strengthof a
country’s sprint speedrecordsover its long distancespeedrecordsincreasess the value of the second
principalcomponenincreasesWhenmarathorrecordspeeds regressednthesetwo componentsye see
a significantpositive coeficient for the first principal componenanda significantnegative coeficient for
thesecondorincipalcomponentaswould be expected.

The componentgotatedwith the varimax proceduretend to place substantialweightson fewer of
the predictorvariables. The first componenis approximatelyproportionalto the averageof 5,000mand
10,000mrecordspeeds.The secondcomponenis muchlike the secondprincipalcomponentvith a little

moreemphasi®ntheshortsprints. Theserenthcomponenis essentiallya contrastetweerb,000mrecord
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speedand 10,000mrecordspeedwith positive valuessuggestinghata countryis strongerat the longer
distance.Whenmarathorrecordspeeds regressedagainstthe 1st, 2nd, and 7th rotatedcomponentsthe
signsof the coeficientsarepositive, negative, andpositive, respectiely, aswould be expected.
Methods3(c) and 3(d) usethefirst two PLS componentdo estimate . The coeficientsof thelinear
combinationghatprovide thesecomponentsrefoundin the lasttwo linesof Table3. ThesePLS compo-
nentsaremoredifficult to interpretthantheprincipalcomponentsr therotatedprincipalcomponentn this
example.Theregressiorcoeficientsarebothpositvewhen  is regressedigainsthesewo components.
Methodsl(c) usesthe 1st, 2nd, 6th, and 7th principal componentsin this case the methodis a com-
promisedbetweerOLSRandthe otherPCRestimatorghatuseonly thefirst two principalcomponentsBy
usingthelasttwo principalcomponentghe estimatothaslessbiasat acostof greatewvariability. Thesame
generakommentsapplyto estimatomproducedusingmethod3(b). This PLSRestimatorusesthefirst four
PLScomponentsatherthanonly thefirst two componentsitilized by the otherPLSRestimatorsExamina-
tion of Tablel showvsthattheseestimatorsaremoresimilar to the OLSR estimatorthanthe otherPCRand

PLSRestimatordor thisexample.
8. A SSIMULATION STUDY

A simulationstudywasconductedo investigatehe effectivenesof the proposedstimatorsat reducing
MSE. We have madeno attemptto find the “best” biasedregressionestimator Thereare several useful
methods- including all ridge regressionprocedures- thatare not consideredn the simulationstudy We
focusonly on the estimatorf the form thataredescribedn Section6. The maingoal of the studyis
to determinaf thecomponenselectiormethodssuggestetby Theoreml andits corollariescanbe usedto
reduceMSE. We alsoexaminehow well methodsperformwhentruevaluesof and areusedto select
componentdy includingmethodsl(j), 2(c),and3(e)in the study eventhoughthesearenot estimators.

The simulationstudywasconductedasa completelyrandomizediesignwith threefactors:the matrix

of predictorvariablesthetruevalueof , andthe signalto noiseratio. To simulatenearmulticollinearity
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in the matrix of predictorvariablesthe rows of eachof thefour  matricesconsideredn the studywere
independentlylravn from the distribution,wheretheelementof arel onthediagonaland0.9
on the off diagonal. The true valuesof  usedin the studyare , ,
, and . Signalto noiseratio, definedby ,
wassetat0.5and2.0. Onehundred vectorsweregeneratedor eachof the 32 simulationsettings.The
squaredlistancerom thetruevalueof to eachof theestimatorglescribedn Section6é wascomputedor
all 3,200datasets.Method1(i) offeredanalmostimperceptiblémprovementoverthe OLSRestimator The
specificresultsfor thisestimatoarenotreportechereto save space Themeanof the100squaredlistances
(empirical MSE estimatesfor eachof the other PCR methodsand eachof the 32 simulationsettingsare
providedin Table4. Analogousresultsfor the varimaxandPLSRestimatorsare providedin Table5. For
eachof the 32 simulationsettingsthe OLSR estimatoralongwith theotherestimatorsliscussedn Section
6 wererankedaccordingo theirempiricalMSE valueswith lowestrankscorrespondingo lowestempirical

MSE. Themedianof the 32 ranksfor eachmethodis givenin thelastline of Tables4 and5.
9. DISCUSSION

The OLSR estimatorperformedquite poorly in the simulationstudy of Section8. This comesasno
surprisebecausé¢he simulationwasdesignedo studythebehaior of theestimatorsvhenOLSR estimation
is expectedo bedeficient. The OLSRestimatomwasstrongestelative to theotherestimatorsvhensignalto
noiseratiowashighandthetruevalueof was . Themediarrankfor theOLSRestimatowas
worst(15.5)amongthe 16 proceduresanked.TheOLSRestimatorankedastfor half of the 32 simulation
settings.

Method1(c), the PCRestimatorthat usesalgorithmof Section2 with the OLSR estimateasa starting
value,exhibited lower MSE thanthe OLSR estimatorfor all simulationsettingsexceptfor thosein which
signalto noiseratiowas2.0and was . Method2(b), the varimaxestimatorthat usesthe

OLSRestimateasastartingvaluefor thealgorithmof Section2, improveduponthe OLSR estimatoifor 20
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of the32 simulationsettings.TheanalogousLSRestimator3(b) hadlower empiricalMSE thanthe OLSR
estimatorfor 30 of the 32 simulationsettings.Among estimatorghatusethe OLSR estimateasa starting
value,the PLSR estimator3(b) hadthe bestmedianrank of 12. The PCRestimatorl(c) andthe varimax
estimator2(b) exhibitedsimilar performancevith medianranksof 13and14, respectiely.

Althoughthealgorithmof Section2 doestendto reducethe empirical MSE of the OLSR estimatorfor
the majority of the situationswe examined theimprovementat ary particularsimulationsettingis seldom
dramatic. The samecan be saidfor the useof the algorithmwith other startingvalues. It is interesting,
however, to notethatthe algorithmseemso reducethe MSE of the estimatorsupplyingthe startingvalue,
regardlessof which estimatoris usedto provide the startingvalue. For example,methodl(e) hadlower
empiricalMSE than1(d) for 29 of the 32 simulationsettings.Method 1(g) hadlower empiricalMSE than
1(f) for 26 of the 32 settings. Method 3(d) outperformed3(c) for 30 of the 32 settings. The value of
the algorithmof Section2 canalsobe seenby comparingthe medianranksfor the estimatorghat usethe
algorithmto themedianranksof the estimatorsisedasstartingvaluesfor thealgorithm.Eachestimatothat
usesthe algorithmof Section2 earneda bettermedianrank thanthe estimatorusedto produceits starting
value.

The PLSR estimatorwith the cross-alidatedPLSR estimateas a startingvalue hadthe bestmedian
rankamongthe estimatorghatutilize the algorithmof Section2. Thetwo PCRestimatorshatusedcross
validationto producestartingvalues- 1(e)and1(g) — hadthe next bestmedianranks,with 1(e) performing
slightly betterthan1(g). Thisgroupof estimators- 3(d), 1(e),and1(g)— performedsubstantiallybetterthan
theestimatorghatusedthe OLSR estimateasa startingvaluefor mary of the simulationsettings.

Methods1(b) and 1(h) exhibited the mostdramaticdropsin MSE amongthe procedureshatcanbe
usedin practice.Method1(h),in particular wasimpressve with empiricalMSE valuessometimegessthan
a third the empiricalMSE of method1(b) andlessthana tenththe MSE of the OLSR estimator For 28

of the 32 simulationsettingsmethod1(h) hadthe lowestempirical MSE amongmethodsthatdid notuse
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thetrue parameteralues.Method1(h) wasoccasionallythe worstamongall estimatorsbut this occurred
in situationswhenall estimatordadrelatively low MSE. Overall method1(h) looksto bethe bestmethod
amongthoseconsideredor theanalysisof thesimulationdata.Judgingby theperformancef theestimators
thatusethealgorithmof Section2, an estimatorthatuseshe algorithmwith anestimatefrom method1(h)
asthe startingvaluemight have slightly lower MSE thatmethod1(h).

Methodsl(j), 2(c), and3(e) usedthe algorithmof Section2 with thetruevalueof asastartingvalue.
TheempiricalMSE valueswverealwaysextremelylow for estimatord (j) and3(e). Bothmethodsarnedhe
bestmedianrankof 2.0. TheempiricalMSE of method2(c) wasgenerallyhigherthantheempiricalMSE of
eithermethodl(j) or 3(e). For the majority of the simulationsettingsthe varimaxestimator2(c) estimated

by thezerofor all 100randomlygeneratediatasets.This oftenled to valuesof empiricalMSE thatwere
lower thanempiricalMSE valuesfor the OLSR estimatorandthe othermethodghatusedthe datato select
componentsThe empiricalMSE valuesreportedn Table4 and5 clearly shown thatnoneof the estimators
that usedatato selectcomponentsapproacththe performanceof the minimum-MSEPCR estimatorl(j).
Method 1(h) comesthe closestto matchingthe ideal, but even this methodhasempirical MSE valuesthat

areoftenanorderof magnitudehigherthanthe empiricalMSE attainedby the optimalestimator

10. CONCLUSION

This paperhasaddressedhe estimationof  usingall columnsof . Thereis alsogreatinterestin
identifying the columnsof  thatexplain  well and eliminating thosecolumnsthat are unnecessary
Recentexciting applicationsincludethe generalproblemof datamining andidentifying quantitative trait
loci in genetics,wherethe responsevariableis a trait of interestand geneticmarkersare the predictor
variables. It is our hopethat the studyin this paperprovidesnot only a goodestimatorof  but alsoan
estimatorthat providessomeinsight aboutthe linear subspacef the columnspaceof thatexplains

well. We hopethatthetheorythatwe have developedherewill helpusto tacklethe moredifficult problem
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of selectingherelevantvariablesrom alarge pool of potentialpredictorvariables.
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Tablel. EstimatedReyressionCoeficientsfor the Tradk Data

Events

Method 100m 200m 400m 800m 1500m 5000m 10,000m

1(a),1(i), 2(a),3(a) -0.121 -0.045 0.036 0.125 -0.136 0.234  0.785

1(b), 1(d)-1(h) -0.162 -0.082 0.041 0.141 0234 0.379 0.381
1(c) -0.212 -0.022 0.145 0.151 -0.116 0.208  0.744
2(b) -0.098 -0.042 0.013 0.009 -0.038 0.238  0.782
3(b) -0.098 -0.090 0.075 0.114 -0.147 0.300  0.726
3(c), 3(d) -0.152 -0.083 0.037 0.125 0.203 0.384  0.412

Table 2. EstimatedStandad Errors of ReggressionCoeficientEstimatedor the Tradk Data

Events
Method 100m 200m 400m 800m 1500m 5000m 10,000m
OLSR 0.137 0.155 0.142 0.166 0.196 0.203 0.205
PCR(1stand2ndPC) 0.036 0.027 0.013 0.007 0.013 0.026 0.026

VMX (componentd,2,and7) 0.039 0.034 0.008 0.006 0.004 0.188 0.188

26



Table 3. Principal, Varimax,and Partial LeastSquaesComponents

Events

Method 100m 200m 400m 800m 1500m 5000m 10,000m
PCR1 0.070 0.071 0.066 0.066 0.072 0.083 0.086
PCR2 0.318 0.236 0.096 -0.010 -0.096 -0.225 -0.222
VMX1 0.003 0.010 0.000 -0.003 -0.015 0.214 0.212
VMX2 0.367 0.315 -0.072 -0.054 -0.007 -0.157 -0.162
VMX7 -0.086 0.091 -0.032 0.020 -0.042 -1.780 1.775
PLS1 1.753 -1.266 0.282 -0.145 -0.076 -0.085 0.307
PLS2 1.806 -0.978 0.0411 -0.172 0.323 0.024 -0.334
*Eachrow of thetablecorrespond$o arow of amatrix  satisfying

for some whosecolumnsareanorthonormabasisof
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Table4. Performanceof the Principal Component®egressionEstimators

Method

SIN 1(a) 1(b) 1) 1(d) 1(e) 1 1(g) 1(h)

10)

0.5 10.57 3.226 8.752 4.552 4.483 4.789 4.784 1.855
20 0.653 0.857 0.709 0.730 0.744 0.774 0.774 0.817
0.5 2248 4855 1751 86.80 83.89 79.84 79.69 1554
20 16.61 5.108 1346 6.365 6.189 6.422 6.402 2.252
0.5 2342 650.7 1942 9779 9525 934.6 918.0 139.8
20 104.6 27.67 80.22 40.74 4051 40.14 3944 12.76
0.5 30540 6048 23432 9685 9470 8207 8207 2513
20 1947 9149 1698 945.1 939.8 987.6 992.9 489.6
0.5 8469 2632 7.209 2871 2.815 3.439 3410 1.442
20 0.650 0.826 0.691 0.884 0.877 0.809 0.820 0.889
0.5 236.4 80.43 200.5 8493 83.63 1049 104.6 34.40
20 1246 1942 9.764 2841 2.775 4.107 4.072 0.182
0.5 1649 3314 1211 5258 5229 470.5 467.9 153.2
20 116.0 50.97 96.70 59.74 5821 63.74 63.16 25.98
0.5 27595 7693 22705 10473 10275 11043 10942 1089
20 1419 7341 1243 883.6 871.6 887.3 879.8 558.6
0.5 12.67 3.460 10.60 3.227 3.181 4.311 4.277 1.092
20 0.745 0.935 0.850 0.908 0.917 0.916 0.920 0.893
0.5 316.6 111.0 271.0 1279 1244 127.0 125.6 29.67
20 16.76 5.232 13.08 5.043 4.872 6.369 6.251 1.909
0.5 1987 418.8 1476 577.0 5645 5946 5904 1204
2.0 1493 4476 1236 66.12 65.61 65.04 64.57 30.71
0.5 33116 9626 26912 10523 10430 10450 10428 4458
20 2021 1046 1734 1187 1165 1152 1141 555.2
0.5 8363 3.750 7.426 4.092 4.061 3.925 3.923 2.071
20 0432 0.716 0.516 0.655 0.664 0.638 0.645 0.804
0.5 1484 27.87 117.7 4094 39.66 42.14 42.07 7.959
20 10.23 3.024 8.265 4.127 3911 3.931 3.867 0.944
0.5 1415 2029 1097 388.4 360.7 418.1 409.4 79.27
20 9436 31.35 81.86 4041 3840 4495 4455 18.05
0.5 20237 5637 15816 6419 6150 6086 6046 2162
20 1172 6714 1032 7164 7054 7394 736.5 4394

ARDDRAMARARRADNWWWWWWWWNNRNNNNNNRRREPRPRERRRR
ADRWWNNRPPRPARWWONNRPRPADMNWWONNRPRPARWWNNLER R

0.851
0.472
0.592
0.047
13.82
9.161
424.6
358.9
0.826
0.486
0.761
0.056
18.70
11.88
508.9
412.6
0.810
0.504
0.735
0.065
16.15
10.58
459.9
380.0
0.837
0.391
0.986
0.077
23.31
10.13
470.1
365.0

medianrank 15.5 55 13.0 9.5 8.0 10.0 9.5 4.0

*Eachtableentryis anempiricalestimateof MSE basedn 100replications.
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Table5. Performanceof the VarimaxandPartial LeastSquaesEstimators

Method

SIN 2-3(a) 2(b) 2(c) 3() 3(c) 3d) 3

0.5 10.57 8.600 1.000 8.627 3.564 3.323 0.838
20 0.653 0.661 0.325 0.582 0.725 0.706 0.541
0.5 2248 1752 5.000 181.8 54.68 54.07 0.610
20 1661 1745 5.000 13.30 5414 5372 0.049
0.5 2342 1818 55.00 1905 700.8 692.0 13.56
20 1046 101.0 55.00 80.58 30.80 30.47 8.961
0.5 30540 24182 869.0 24725 8486 8248 414.1
20 1947 1837 671.2 1586 9515 881.2 3523
0.5 8.469 6.551 0.394 6.740 2.379 2.338 0.811
20 0.650 0.614 0.332 0.701 0.838 0.831 0.572
0.5 236.4 1955 5.000 190.2 67.25 64.46 0.800
20 1246 12.87 5.000 9.259 2.366 2.337 0.057
0.5 1649 1173 55.00 1270 436.4 406.2 18.68
20 116.0 120.3 55.00 99.86 55.05 53.80 11.62
0.5 27595 22798 979.0 22215 7976 7606 511.4
20 1419 1521 979.0 1203 810.0 8019 4041
0.5 12,67 10.21 0.605 10.23 3.142 3.123 0.793
20 0.745 0.777 0.332 0.714 0.804 0.791 0.543
0.5 316.6 2584 5.000 257.5 114.7 110.1 0.779
20 16.76 1791 5.000 12.82 5.019 4.822 0.068
0.5 1987 1528 55.00 1481 418.6 408.5 16.13
20 1493 159.6 55.00 118.0 56.19 55.23 10.14
0.5 33116 27224 979.0 26711 7025 6975 440.8
20 2021 2148 979.0 1556 1041 992.6 3834
0.5 8.363 7.667 1.000 7.012 3.848 3.791 0.807
20 0432 0.469 0.337 0475 0.564 0.567 0.415
0.5 1484 1323 5.000 117.6 36.10 35.06 1.117
20 10.23 10.90 5.000 8.507 2.691 2.554 0.083
0.5 1415 1211 55.00 1108 315.7 2945 23.66
20 9436 1004 55.00 76.07 3542 34.74 9.440
0.5 20237 18412 979.0 16508 5284 5287 467.8
20 1172 1321 9709 917.1 703.6 696.4 4125

ARDMDRAMARARRADNWWWWWWWWNNRNNNNNNRRREPRPRERRRR
ADRWWNNRPPRPARWWONNRPRRADMNWWONNRPRPARWWNNLER R

medianrank 15.5 14.0 3.0 12.0 7.0 5.0 2.0

*Eachtableentryis anempiricalestimateof MSE basedn 100replications.
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