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ABSTRACT

Multiple regressionwith correlatedpredictorvariablesis relevant to a broadrangeof problemsin the

physical,chemical,andengineeringsciences.Chemometricians,in particular, havemadeheavy useof prin-

cipal componentsregressionandrelatedproceduresfor predictinga responsevariablefrom a largenumber

of highly correlatedpredictors.In this paperwe developa generaltheorythatguidesusin choosingprinci-

palcomponentsthatyield verygoodestimatesof regressioncoefficients.Ournumericalresultssuggestthat

thetheoryalsocanbeusedto improve partial leastsquaresregressionestimatorsandregressionestimators

basedon rotatedprincipalcomponents.Ourmethodsalsoprovide insightaboutthesubspaceof thepredic-

tor matrix thatexplainstheresponsebest.

KEY WORDS: Biasedregression;Eigenvalues;Meansquarederror;

Multicollinearity; Partial leastsquares;Varimaxrotation.



1. INTRODUCTION

It is well knownthattheordinaryleastsquaresregressioncoefficientestimatormayperformpoorlywhen

therearenearmulticollinearitiesin
�

thematrix of predictorvariables.Thevarianceof thecomponentsof

theordinaryleastsquaresestimatorbecomeinflatedwhenoneor moreeigenvaluesof thematrixof predictor

variablesarecloseto zero.Thisresultsin anestimatethatmayhavelow probabilityof beingcloseto thetrue

valueof thevectorof regressioncoefficients � . Thereareawealthof proposalsin thestatisticsliteraturefor

combatingthis problem.Principalcomponentsregressionseemsquiteanappealingapproach(andis quite

popularin chemometrics)becauseit involveschoosinga subsetof the principalcomponentsof
�

. In the

process,onehopesto eliminatemulticollinearitiesandproducea morereliablepredictionof theresponse.

As anaddedbenefit,theselectedsubsetof theprincipalcomponentsoftengivesinsightaboutthesubspace

of thecolumnspaceof
�

thatexplainstheresponsewell.

Onepopularmethodin principalcomponentsregressionis to usetheprincipalcomponentscorrespond-

ing to the � largesteigenvalues. See,for example,Frank andFriedman(1993). The problemwith this

approachis thatthemagnitudeof theeigenvaluedependson
�

only andhasnothingto dowith theresponse

variable.Henceit is possiblethatprincipalcomponentsimportantin relating
�

to theresponseareexcluded

becausethey mayhavesmalleigenvalues.SeeJollife (1982)for severalreal-life examples.Conversely, the

approachmay includeprincipal componentsthat areunrelatedto theresponse.Consequentlythe method

doesnot generallypick themostparsimoniousmodelfor thecolumnspaceof
�

thatexplainstheresponse

well.

An alternative approachis to usetheprincipal componentsthat have the highestcorrelationswith the

response,which makesintuitive sense.However, therearecriticisms. Seefor exampleMasonandGunst

(1985)andAlmoy (1996). In particular, Almoy’s numericalstudiesshowedthat this alternative approach

workedslightly worsethanusingthecomponentswith thelargesteigenvaluesin thepredictioncontext. Our

paperfocuseson therelatedbut slightly differentgoalof estimating� well.
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FrankandFriedman(1993)alsostudiedridge regressionandreportedfavorableresultsof it in terms

of the expectedsumof squaredpredictionerror. Unfortunately, ridgeregressiondoesnot provide insight

aboutthesubspaceof � thatexplainstheresponsewell. Stein’s typeestimator ���� for this problem(e.g.,

proposedby Oman,1991)is a very attractive estimatorsince � �� � uniformly dominatestheordinaryleast

squaresestimatorof � � in termsof MSE. SeealsoBlaker (1993). However, theproblemis thatOman’s

estimatorgivesananswerin the � -dimensionalsubspacespannedby thefirst � principalcomponentsof �
(where � mustbeprespecified)or the full columnspaceof � . It seemsundesirableto restrictonly to two

differentdimensionsandnot allow thedatato choosebetweenvariousdimensionsof � , not to mentionthe

difficulty in prespecifyinganappropriate� .
In Section2 of this paperwe focuson a procedurethatusesthedatato choose� principalcomponents

where 	�
��

�� and � is therankof � . In particular, by minimizing themeansquarederror, we derive

a generaltheory that guidesus in choosingthe “components”. The “components”referredto areeither

principalcomponents,varimaxrotationof principalcomponents,or partial leastsquarescomponents.See

Sections3, 4 and5, respectively. The estimatorsstudiedarelisted in Sections6. Section7 containsthe

analysisof a datasetonnationalmen’s trackrecords.

The simulationstudy in Section8 recommendsa method1(h) basedon a data-dependentchoiceof

principalcomponents.Thisestimatorprovidesvaluableinsightaboutthelinearsubspaceof � thatexplains

theresponsewell. It alsohasthe lowestsimulatedtotal meansquarederror, muchbetterin particularthan

theprincipalcomponentsregressionestimatordiscussedin thesecondparagraphof this introduction.

2. GENERAL DEVELOPMENT

Considerthestandardregressionmodel ��������������� � ��� � , where��� is an � -dimensionalresponse

vector, � � is an � ��! predictormatrix,
�

is a ! -dimensionalvectorof unknownregressionparameters,� � is

a randomvectorsatisfying "$#%� �'& ��( and )+*-,.#/� �'& ��02143 for someunknown 051768	 , and � representsthe

� -dimensionalcolumnvectorof ones.Let �9�:����;
�<�>=?���4@A� and �B�����C;
�D�>=?E � @A� . Hence,thesum
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of F andthesumof eachcolumn G is zero. Furthermorewe maynow write themodelas FIH�GKJMLON ,
whereNPH:N>Q�R
S<SUTVNWQ'XAY .

Our goal is to estimateJ . Let Z denotethe rank of G . The full-column-rankcase( Z[H]\ ) is most

relevantbecauseall componentsof J areestimableonly when Z7H^\ . Wewill allow, however, Z _[\ unless

otherwisenoted.

Let ` denotea YKabZ matrixwhosecolumnsareanorthonormalbasisfor thecolumnspaceof G . Rather

thanprojectingF ontothecolumnspaceof G asin ordinaryleastsquaresregression(OLSR),we wish to

considerprojecting F onto a subspaceof the columnspaceof G spannedby a subsetof the columnsof

` . Let c consistof d distinct integerschosenfrom eAfhg'ghgifjZ that representthe indicesof selectedcolumns

of ` . Let k denotethe Z�a^d matrix consistingof columnsof the Z$a^Z identity matrix corresponding

to lOm:c . An estimatorof J basedon the orthonormalbasis ` andthe chosenset c is givenby nJpoMH
qsr%q T qutjvxw kPk T ` T F , where

q Hzy|{ w f'ghg'g}f~{b�~� denotesthe unique \[a^Z matrix of rank Z suchthat

GBH�` q T (i.e.,
q H�G T ` ).

Note that G�nJ o H ` q T nJ o H `CkPk T ` T F H r `+k t y r `pk t T r `�k t � v�w r `+k t T F . Thus, when cIH
� eAfhg'ghgifjZ-� , G nJ o is the uniqueprojectionof F on the column spaceof ` or, equivalently, the unique

projectionof F onto the columnspaceof G . It follows that, for c�H � eAf'ghg'g}fjZ-� , nJ�o is a leastsquares

estimatorof J , in general,andtheuniqueandunbiasedleastsquaresestimatorof J whentherankof G is \ .
Whenc�� � eAf'ghg'g}fjZA� , G�nJCo is theprojectionof F ontothesubspacespannedby thecolumnsof ` indexed

by c .

Generalexpressionsfor theexpectationandvarianceof nJ o aregivenby

��r nJ o t H��$k�k T q T J and �+�A� r nJ o t H��5�j��kPk T � T H��5�x��j� o�� � � T� f (1)

where � H�y � w f'ghg'g}f � � �P�
qsr%q T qut v�w

. When c9� � e-f'g'ghg�f�Z-� , expression(1) shows that nJCo is a

potentiallybiasedestimatorof J . It canbeshown that nJCo will beunbiasedfor J if andonly if J is in the

columnspaceof
q

and { T� J�H�� for any l[Xm�c . Expression(1) showsthatthevarianceof any component
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of  ¡+¢ will be no larger thanthe varianceof the correspondingcomponentof the leastsquaresestimator.

To balancethe virtue of lower variancewith the costof higherbias,we seekthe set £ thatwill yield the

estimatorwith thelowesttotalmeansquarederror; i.e.,wewish to find £ sothat

¤�¥U¦7§ £�¨�©�ª¬«  ¡+¢®­�¡ «4¯�°�ª¬«  ¡�¢®­ ª §  ¡�¢ ¨7«4¯C±�«Cª §  ¡C¢ ¨ ­�¡ «4¯ (2)

is minimized.MSEasdefinedin (2) is thetraceof theMSEmatrix ª�² §  ¡ ¢ ­�¡ ¨ §  ¡ ¢ ­�¡ ¨�³µ´ . A varietyof

otherperformancemeasuresbasedon theMSE matrixcanbeusedto judgethequalityof anestimator. We

chooseto considerMSE asdefinedin (2) becauseit is intuitively appealingto find theestimatorthatwill

minimizetheexpectedsquaredEuclideandistanceof theestimatorfrom theestimand.

Notethatthefirst termontheright handsideof (2) is equalto

¶�·}¸º¹4» ²'¼ ¸A·4§  ¡C¢ ¨j´�°�½ ¯ ¶�·}¸º¹4»>§¿¾$À�À ³ ¾ ³ ¨+°�½ ¯ ¶Á·}¸Â¹4»>§ÃÀ ³ ¾ ³ ¾�À ¨+°�½ ¯xÄÅ�Æ ¢ÈÇ ³Å Ç ÅAÉ (3)

Usingtheidentity Ê ¾ ³ ¾ ° ¾ , weobtainthatthesecondtermon theright handsideof (2) is equalto

« ¾$ÀPÀ ³ Ê ³ ¡M­�¡ « ¯ ° ¡ ³ ¡ ± ¡ ³ Ê ÀPÀ ³ ¾ ³ ¾�À®À ³ Ê ³ ¡8­[Ëh¡ ³ Ê ¾ ³ ¾�À®À ³ Ê ³ ¡
° ¡ ³ ¡ ±O½ ¯xÄÅ�Æ ¢ §¿Ì Å Ä Í Æ ¢ Ì

Í Ç Í ­
Ë Ì ÅÏÎÄÐ�Ñ2Ò Ì Ð Ç Ð ¨ ³ Ç ÅÔÓ (4)

where Õ�° §¿Ì Ò ÓhÉ'ÉhÉ}Ó Ì Î ¨ ³ ©ÖÊ ³ ¡�× ½ . By (3) and(4), minimizing
¤�¥U¦7§ £¬Ø ¡ Ó ½ ¯ ¨ with respectto £ is

equivalentto minimizing

Ù § £ÚØÂÕx¨Û© ÄÅ�Æ ¢ § Ç Å ± Ì Å Ä Í Æ ¢ Ì
Í Ç Í ­[Ë Ì Å�ÎÄÐ�Ñ2Ò Ì Ð Ç Ð ¨ ³ Ç Å (5)

with respectto £ . Thework of thissectionestablishesthefollowing result.

THEOREM 1. Let £�Ü denotethesubsetof ²WÝ Ó'ÉhÉ'É}ÓjÞ ´ that minimizes(5). Theestimator  ¡p¢>ß hasthelowest

total meansquare error amongall estimatorsof the form  ¡+¢ , i.e.,  ¡C¢Wß hasthe lowesttotal meansquare

error amongall estimatorsbasedona projection à ontoa spacespannedbya subsetof thecolumnsof á .

The direct usefulnessof Theorem1 is limited by the fact that Õ is unknown in realistic regression

problems.Nonetheless,theresultsuggestsaniterativealgorithmthatyieldsanestimatorof
¡

with low total
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meansquareerror. Let âãbä¿åAæ denoteaninitial estimateof ç . (Usually âãbä¿åAæ will beof theform èêé'âãëä¿åAæ}ì âí äîåAæ ,
where âã äîåAæ and âí ä¿å-æ areinitial estimatesof

ã
and í obtainedthroughconventionalmeans,but that is not

necessary.) An iterativeprocedurefor estimating
ã

is asfollows.

1. Given âç ä/ïiæ , let ð ä%ï�æ denotethesubsetof ñWòAó'ôhô'ô�ó�õ-ö thatminimizes÷ ä ð[ø âç ä/ïiæ}æ .
2. Let âãëä%ï�ù ò æÛú âãpû>ü?ýÿþ .
3. Let âí ä%ï�ù ò æ7ú���������
	 ��� âãëä%ï�ù ò æ
� ì�� ������� ò , where

�
denotesthecardinalityof theset

ð ä/ïiæ .
4. Let âç ä%ïxù ò æÛú èêé âã ä/ï�ù ò æ}ì âí ä%ï�ù ò æ .
5. Set

ï
to
ïxù ò andreturnto step1 until âãëä%ï�ù ò æÛú âãëä��'æ for some

�
�^ï
.

In general,step1 of thealgorithmrequiresthecomputationof ÷ ä ð ø2âç ä%ï�æ}æ for ð equallingall ��� subsets

of ñ>ò-ó'ô'ôhô�ó�õ-ö . Wewill show, however, thatcomputationis greatlysimplifiedfor thespecialcaseof principal

componentsregression. Although we have presentedthis algorithm as an iterative procedure,we have

adoptedtheconventionof stoppingthealgorithmaftera singleiterationfor theanalysisof anexamplein

Section7 andthesimulationsin Section8. Ourexperiencewith thealgorithmsuggeststhatthereis little to

begainedbeyonda singleiteration. In thevastmajority of thecasesconsidered,theprocedureconverged

immediatelyafter the initial estimatewaschanged,i.e., âç ä ò æ®ú âç ä � æ . Thus, to simplify computing,we

use âãbä ò æ and âí ä ò æ as the final estimatesof
ã

and í for thosemethodsthat rely on the algorithm. We

demonstratetheusefulnessof this algorithmfor severalspecialcasesin thesimulationsof Section8. The

next threesectionsexaminetheapplicationof Theorem1 to regressiononprincipalcomponents,regression

on rotatedprincipalcomponents,andregressiononpartial leastsquarescomponents,respectively.

3. APPLICATION TO PRINCIPAL COMPONENTS REGRESSION
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Let ����� �"!#�%$&$'$(�)�+*,�.- where � !/ denotesthe 0 th non-zeroeigenvalueof 1
231 . Let 45�&6&7'7&78694:*
denotethecorrespondingeigenvectorsof 1 2 1 . Thesampleprincipalcomponentscorrespondingto thenon-

zeroeigenvaluesof 1#2;1 are 1
45�&6&7'7&7<6=1#4>* . In principal componentsregression(PCR), ? is regressed

on a subsetof the sampleprincipal components.The estimatedregressioncoefficients for the principal

componentsin the chosensubsetareusedto obtainregressioncoefficientsfor the original columnsof 1 .

For example,suppose? is regressedagainstthefirst andthird sampleprincipalcomponentsto obtain

@A.B @C �D1
45�(E @CGF 1
4 F B 1IH @C �845�(E @CGF 4 FKJ 6
where

@C / denotestheordinaryleastsquaresestimateof theregressioncoefficient for the 0 th principalcom-

ponent.Thenaprincipalcomponentsestimatorof L is givenby
@C �84M�(E @CGF 4 F .

Principalcomponentsregressionestimators,like
@C �845�(E @CGF 4 F , areof theform

@LON describedin Section

2. Thesingularvaluedecompositionof 1 implies 1 BQP>R
S 2 , where

PUT)V 1#45�=W����X6&7&7'786=1#4>*XW��+*<YZ6 R[T]\�^`_ba Hc�d�X6&7'7&786G��* J 6 and
SeT)V 4f�&6'7&7&79684g*8Y<7

Note that the orthonormalcolumnsof
P

arethesampleprincipal componentsof 1 , scaledto unit length.

We mayequate
P

and
ShR

with i and j , respectively. Furthermorek / B � / 4 / LlW�m . The estimator
@LnN

simplifiesto
ShRpo �Xq�q 2 P 2 ? . In thesimpleexampleconsideredpreviously, q consistsof thefirst andthird

columnsof the r�sIr identitymatrix,andwehave

@L N B SUR o � q�q 2 P 2t? B]SUR o ! R q�q 2 q#q 2 P 2u? B]S q#q 2 R o ! q�q 2 RpP 2t?
B S q H q 2 R ! q J o � q 2 RpP 2 ? BvS q V H P:R q J 2 H P>R q J Y o � H P>R q J 2 ?
B V 45�X684 F YDH V 1�4M�&6=1#4 F Y 2 V 1�4n�K6G1�4 F Y J o � V 1#45�&6=1#4 F Y 2 ? B @C �845�(E @CGF 4 F 7

We canuseTheorem1 in Section2 to determinethe setof principal componentsthat correspondsto the

principalcomponentsregressionestimatorof L with minimumtotalmeansquareerror.
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COROLLARY 1. Theprincipal componentsregressionestimatorof w with smallesttotal meansquare er-

ror is obtainedby regressingx againstthe sampleprincipal componentsindexedby the set y=z|{~}��K��}5�
� � } �>�� w�}��+�U����� .

PROOF: With � ���U� , �����h�p�g� so that � �� � � ��� for �
��[z and
� ���� when ���[z . Equation(5)

simplifiesto ��� �¡}£¢g¤l�[¥ �G¦&§ � ���� �<�l¨�� �� ¤ . Clearly theminimizing setincludesz if andonly if the term

correspondingto z in thesumis negative. Theresultfollows. ©
Interpretation of Corollary 1. Often in principal componentsregression,the principal components

correspondingto the smallesteigenvaluesarediscarded.The varianceof ªw § in principal componentsre-

gressionis ¥ �=¦'§ � ���� � � � �� , soexcludingtheprincipalcomponentswith thesmallesteigenvaluesfrom � can

greatlyreducethevariancesof thecomponentsof ªw § . Althoughthe strategy makessensewhenvariance

reductionis a priority, severalauthorshave warnedagainstthis practicebecausethereis no guaranteethat

principal componentswith small eigenvalueshave an unimportantrelationshipwith x . Kung andSharif

(1980)andJollife (1982)providedexampleswheretheprincipalcomponentscorrespondingto smalleigen-

valueshave high correlationwith x . Hadi andLing (1998)providedanexamplewhereonly theprincipal

componentassociatedwith thesmallesteigenvaluewascorrelatedwith x .

Thecriterionsuggestedby Corollary1 clearlydiscouragestheuseof principalcomponentswith small

eigenvalues,but eigenvaluesizeis nottheonlyconsideration.Evenwhen
� � is small,the z thcomponentwill

beselectedwhen } �>�� w�} is sufficiently large.Thequantity
� � } �>�� w�} isameasureof thestrengthof relationship

betweenthe z th componentandtheexpectedvaluex given « . Notethattheanglebetweenthe z thprincipal

componentand ¬��­x®}b«
¤ is
¯X°�± �g� �>�� « � «�w� �
² «#w ² � ¯X°+± �g�

� � �>�� w² «#w ²´³
Thus,when

� � } � �� w�} is large, the anglebetweenthe z th principal componentand ¬��­x }µ«
¤ is closeto

zeroor to 180 degrees. In eithercase,the z th principal componentwill be usefulwhenforming a linear
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combinationof principal componentsto estimate¶�·­¸ ¹Mº,» . On the otherhand,when ¼�½�¹ ¾>¿½8À ¹ is close

to zero, the Á th componentis nearlyorthogonalto ¶�·­¸ ¹Oº,» andwill be of little usewhenestimating

¶�·­¸Â¹�º
» with a linearcombinationof principalcomponents.

Implementation of Corollary 1. Theminimum-MSEPCRestimatorindicatedby Corollary1 depends

on theunknown valueof Ã . The iterative algorithmdescribedin Section2 canbeusedto approximatethe

minimum-MSEPCRestimator. Step1 simplifiesto

1. Given ÄÃÅ·ÇÆZ» , let ÈÉ·­Æ<»5ÊQË=Á�Ì�¹9ÄÍ ½+·ÇÆZ»&¹ÏÎ�Ð�Ñ .
Theperformanceof theprocedurefor avarietyof startingvaluesis investigatedin theexampleof Section7

andin thesimulationsof Section8.

Theprocedurein step1 doesnot accountfor theerrorin estimatingÀ . An alternativeprocedurecanbe

basedon testsof thehypothesesÒ�ÓD½�Ì ÍbÔ½hÕ Ð for Á�Ê%Ð+Ö&×&×'×<Ö=Ø . The Á th componentis usedto estimateÀ
if andonly if thehypothesisÒ�ÓD½ is rejectedat a prespecifiedlevel. Thetestscanbecarriedout by noting

that ÄÍ Ô½ÚÙ ·�¼�½=¾ ¿½ ÄÀ » ÔGÛ ÄÜ Ô is distributedasa noncentralF randomvariablewhen ÄÀ and ÄÜ Ô arethe ordinary

leastsquaresestimatesof À and Ü Ô , respectively. A p-valuefor testing Ò�ÓD½ canbefoundby computingthe

probabilitythatanF randomvariablewith 1 and Ý,ÞIØ~Þ�Ð degreesof freedomandnoncentralityparameter

1 meetsor exceedstheobservedvalueof ÄÍ Ô½ . This leadsto a proceduredenoted1(h) in Section6, which is

therecommendedprocedureof thispaper. Notethatthisprocedureselectstheprincipalcomponentshaving

thehighestabsolutesamplecorrelationwith ¸ because¼�½=¾ ¿½ ÄÀ Ê�·�º�¾�½ Û ¼�½K» ¿ ¸ . Oneof thecontributions

of this paperis to provide a specificway of choosingthe thresholdon theabsolutecorrelationso that the

resultantregressionestimatorworkswell.

A proceduresimilar to 1(h) thatresultsin theinclusionof morecomponentsdeletesthe Á th component

if andonly if Ò ¿Ó<½ Ì ÍbÔ½hß Ð is rejected.This procedure,labeled1(i) in Section6, appearsto behave much

like the OLSRestimatorfor the simulationsettingswe considered.Seethe examplein Section7 andthe

simulationsin Section8.
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Relationship to Previous Work. Severalpapershavebeenwrittenonthetopicof selectingcomponents

for principalcomponentsregression.Thetexts by Jackson(1991)andJollife (1986)providediscussionsof

selectionproceduresanda roadmapto relevant literature.We concludethis sectionby citing a few papers

thatarecloselyrelatedto Corollary1 andtheproposediterativeestimationprocedure.

Marquardt(1970),GunstandMason(1977),andHill, Fomby, andJohnson(1977)show thattheprinci-

pal componentsregressionestimatorthatusesthefirst à principalcomponentswill have lowermeansquare

errorthantheleastsquaresestimatorwhen

áâ
ãDägå=æ�çGèêé>ëGì�íÏëãïî]ð­ñ>òã8ólô ëöõ
÷|ødù

By computingthe differencebetweenthe MSE of the leastsquaresestimatorand the MSE of the more

generalPCR estimatorthat allows the useof any subsetof principal components,Belinfanteand Coxe

(1986) show that the MSE of the PCR estimatorwill be minimized by deletingcomponentsfor which

ð í ãKú9ã ô ë ì�é ëüû�ý , whereú9ãïþ ñ òã ó . This is equivalentto Corollary1.

BelinfanteandCoxe (1986)recommendapproximatingtheminimum-MSEPCRestimatorby thePCR

estimatorwhich deletesthecomponentsfor which ð í ã�ÿú9ã ô ë ì ÿé ë û[ý , where ÿú9ã and ÿé ë arethe leastsquares

estimates.(This is aspecialcaseof our iterativeprocedurewhereleastsquaresis usedto producetheinitial

estimateof � andtheprocedureis haltedafterasingleiteration.See1(c) in Section6.) BelinfanteandCoxe

(1986)notethat ð í ã ÿú9ã ô ë ì ÿé ë is an � -statisticfor testingthesignificanceof the � th principalcomponent’s re-

gressioncoefficient. Thustheirprocedureis aspecificimplementationof oneof Massy’s(1965)suggestions

– deletethecomponentsthatarerelatively unimportantaspredictorsof thedependentvariable.

A commonpracticecloselyrelatedto theprocedureof BelinfanteandCoxe (1986)is to deletecompo-

nentswhose � -statisticsarenot statisticallysignificantat a pre-specifiedlevel. MasonandGunst(1985)

cautionthatthe � testfor thesignificanceof the � th principalcomponent’s regressioncoefficient will have

low powerwhen í ëã is extremelysmall.Hence,proceduresbasedontestsof thesignificanceof theprincipal

components’regressioncoefficients(like 1(b)definedin Section6) mayfail to includerelevantcomponents.
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Thisproblemmaybesomewhatalleviatedby theuseof therelatively low critical value(i.e.,1.0)advocated

by BelinfanteandCoxe (1986). However, BelinfanteandCoxe’s procedure,labeled1(c) in Section6, ap-

pearsto includetoo many componentsbasedon thesimulationsin Section8.

4. APPLICATION TO REGRESSION ON ROTATED COMPONENTS

Althoughprincipal componentshave many niceproperties,a givencomponentis often difficult to in-

terpretasa linear combinationof the original predictorvariables.Many methodsof rotatingcomponents

to improve their interpretabilityhave beenproposed.Thevarimaxrotation– dueto Kaiser(1958,1959)–

is themostwell known of the orthogonalrotationmethods.Chapter8 of Jackson(1991)containsa brief

descriptionof varimaxalongwith severalotherrotationmethodsandrelevantreferences.

In this section,we considertheproblemof selectingthebestsubsetof orthogonallytransformedcom-

ponentsfor usein regression.By “best” we meanthe setof transformedcomponentsthat will yield the

estimatorof � with lowestMSE. We arenot attemptingto find the transformationof thecomponentsthat

will yield thebestestimatorof � . Rather, givena setof orthogonallytransformedcomponents,weseekthe

subsetof thetransformedcomponentsthatcorrespondsto anestimatorof � with minimumMSEamongall

estimatorsthat arebasedon the projectionof � ontoa subspacespannedby a subsetof the transformed

components.Sucha problemis of interestto a researcherwho wishesto both(i) studytherelationshipbe-

tweentheresponsevariableanda particularsetof interpretablecomponentsand(ii) to accuratelyestimate

theregressioncoefficientsfor theoriginal variablesusingthesetof interpretablecomponents.It is possible

that thebestestimatorbasedon the transformedcomponentswill have lower MSE thanthebestestimator

basedon theoriginalcomponents,but this is notnecessarilythecase.

Recallthat the sampleprincipal components,scaledto unit length,arethe columnsof ���	��

����� .
Suppose� is an ����� orthogonalmatrix suchthat thecolumnsof ����� areinterpretablecomponents.We

makeno attemptto give a formal definition of “interpretablecomponent”. Interestedreadersmight see

Thurstone’s (1947)conceptof simplestructuresummarizedin Harmon(1976)andJackson(1991). The
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basicideais that thecolumnsof ����� shouldbedominatedby relatively simplelinearcombinationsof the

originalpredictorvariablesratherthanthepotentiallycomplex linearcombinationsfoundin thecolumnsof

� . Because�! "�����#�%$'&(� and ���)�*�����+ -, , we mayassociate����� and &
$(��� , respectively, with . and

/
of Section2. Theestimator 0132 simplifiesto &�$�4�56� �87�79� �:� �#; in this case.We have thefollowing

corollaryto Theorem1.

COROLLARY 2. Suppose� is the matrix whosecolumnsconsistof the sampleprincipal componentsof

� scaledto unit length. Suppose� is an arbitrary <�=>< orthogonalmatrix. Let ?A@ denotethe subsetof

BDCFEHGIGHGJE <LK that minimizes(5), where MON is the P th columnof &�$ 4�5 �Q� and R( S�%$'&(� 1UTFV . Let 7 @ denote

the matrix correspondingto ? @ . Theestimator &
$�4�5W� �87 @ 7 @ � �X� �Y; hasthe lowesttotal meansquare

error amongall estimatorsof
1

thatarebasedona projectionof ; ontoa spacespannedbya subsetof the

columnsof ���Q� .

In practice,we mustrely on the algorithmof Section2 to provide a low-MSE estimatorbasedon the

projectionof ; ontothespacespannedby a setof orthogonallytransformedcomponents.Theexamplein

Section7 andtheSimulationsof Section8 examinetheperformanceof suchanestimatorwhentheprincipal

componentsaresubjectedto thevarimaxtransformation.

5. APPLICATION TO PARTIAL LEAST SQUARES REGRESSION

Partial leastsquaresregression(PLSR) is a methodthat hasbeendevelopedand usedprimarily by

chemometriciansfor predictingaresponsevariable(or vector)from anoftenlargenumberof multicollinear

predictorvariables.Althoughthemainfocusof PLSRhasbeenon thepredictionof theresponsevariable,

themethodcanbeusedtoproduceanestimateof
1

with low MSE.Theoriginsof thetechniquecanbetraced

to Wold (1966). Many authorshave madeimportantcontributionsto the developmentandunderstanding

of PLSR.Papersby Stoneand Brooks (1990) and Frank and Friedman(1993) (and the accompanying

discussions)examinePLSRin a broadcontext andprovidereferencesto muchof therelevantliterature.
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A PLSRestimateof Z canbecharacterizedasanestimatorof theform [Z]\ when ^ is takento beapar-

ticular orthonormalbasisof thecolumnspaceof _ . This orthonormalbasiscanbedevelopedsequentially

asfollows. Let `baUc-d . For eXcgfFhIiHiIijhlk ; define

`)mnc-oFprq3s�outvOwIxHy{z�| _}`~h where� m��"� `��D` | `(cgfFh6` | � _ | _(`(c-� for ����eb�Di

Then _(`��IhIiHiIijhl_�`�� arelinear combinationsof the columnsof _ constructedso that eachlinear combi-

nationhasmaximalsamplecovariancewith z amongall linear combinationsthat areorthogonalto the

previouslinearcombinationsandhavecolumnweightswhosesquaressumto 1. For eXcgfFhIiHiIijhlk ; wedefine

the e th partial leastsquarescomponentas � m c	_(`�mI����_(`�m�� . Thesepartial leastsquarescomponents

form anorthonormalbasisfor the columnspaceof _ . With ^�c���� � hIiIiHijhj� ��� and � c	_ | ^ , thePLSR

estimatorof Z is of theform [Z \ , where� is asubsetof � fLhIiIiHi�h6kL� thatcontainse���f whenever it contains

e .
The partial leastsquaresbasisfor the columnspaceof _ is constructedasa functionof both z and

_ . This is in contrastto theorthonormalbasesdiscussedin Sections3 and4 whoseconstructiondepends

only on _ . The theoreticaldevelopmentin Section2 implicitly assumesthematriceŝ and � arefixed.

ThusTheorem1 is not directly applicableto thePLSRestimatorof Z , eventhoughthePLSRestimatoris

of the form [Z \ . Nonetheless,the simulationsin Section7 suggestthat the MSE of the PLSRestimator

canbeimprovedby usingthe iterative algorithmof Section2 to selectthenumberof partial leastsquares

componentsutilizedby thePLSRestimator. Thecomputationalrequirementsof step1 of thealgorithmare

greatlyreducedin PLSR.Ratherthancomputing�� 8�>¡ [¢  ¤£�¥j¥ for all ¦ � subsets� fFhHiIiHiJhlkL� , �� *�§¡ [¢  ¤£�¥j¥ need

only be evaluatedfor the kQ¨gf subsetsof � fFhIiHiIi�h6kL� satisfying e}�Sf�©ª� whenever e«©ª� . Estimators

correspondingto othersubsetsof � fFhHiIiHiJhlkL� arenotPLSRestimators.

By the Cauchy-Schwarzinequality, `¬�:c­_ | z �«�(_ | z � . Computationof subsequentpartial least

squarescomponentsis morecomplex. Helland(1988)shows the equivalenceof two popularpartial least

squaresalgorithmsand provides a third algorithm that can be usedto computea PLSR estimateof Z .
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Denham(1995)providesguidanceonimplementingthesealgorithmsin FORTRAN, Matlab,andSplus.We

have useda variationon the orthogonalscorescodeprovidedby Denham(1995)to determine®+¯I°I±H±I±j°�®³²
with Splus.

6. INVESTIGATED METHODS FOR ESTIMATING ´

Simulationstudiesthat comparea varietyof biasedregressionmethodsfor estimatinǵ arecommon

in the statisticsliterature. SomeexamplesincludeDempster, Schatzoff, andWermuth(1977),Gunstand

Mason(1977),andFrankandFriedman(1993). All thesepapersconsiderOLSR,oneor morevariantsof

PCR,andoneor morevariantsof ridgeregression.Thelatterpaperexaminestheperformanceof PLSRas

well. Section8 of our paperdescribesa simulationstudyof methodsfor estimatinǵ that aremotivated

by Theorem1. The primary goal of the simulationstudyis to obtainsomemeasureof the usefulnessof

Theorem1 for selectingcomponents(principal,rotated,or PLS)thatyield estimatorsof ´ with low MSE.

We will focuson the ability of the selectioncriteriadescribedin Sections3, 4, and5 to improve upona

varietyof initial estimatesof ´ . Themethodsthatwe will considerin thesimulationsof Section8 andthe

exampleof Section7 aredescribedasfollows.

1. PCREstimators.

(a) TheOLSRestimator, i.e., µ´·¶ for ¸
¹"ºD»F°H±I±H±J°l¼L½ .
(b) Theestimatorof theform µ´3¶ , wherȩ includes¾ if andonly if ¿�À is significantlydifferentfrom

Á
at the0.05level.

(c) The estimatorof the form µ´]¶ obtainedthroughthe algorithmdescribedin Section2 with the

OLSRestimatorasastartingvalue.

(d) Theestimatorof the form µ´ ¶ , where ¸ is chosenthroughleave-one-outcrossvalidationfrom

the ¼·Â-» subsetsof ºD»F°I±H±I±�°6¼L½ satisfying¾%Ã�»�Ä�¸ whenever ¾}Ä'¸ .
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(e) Theestimatorof theform ÅÆ]Ç obtainedthroughthealgorithmdescribedin Section2 with starting

valueprovidedby method1(d).

(f) Theestimatorof the form ÅÆ3Ç , where È is chosenthroughleave-one-outcrossvalidationfrom

the ÉUÊgË subsetsof ÌDËFÍHÎIÎIÎ�ÍlÉFÏ satisfyingÐOÑÓÒÔÈ whenever Ð�Ò�È andthe samplecorrelation

betweenÕ'Ö�×rØ and Ù is greaterthanthesamplecorrelationbetweenÕ'Ö × and Ù .

(g) Theestimatorof theform ÅÆ]Ç obtainedthroughthealgorithmdescribedin Section2 with starting

valueprovidedby method1(f).

(h) Theestimatorof theform ÅÆ·Ç thatincludesthe Ð th componentin È if andonly if Ú:Û ×�Ü{ÝuÞ×àß Ë
is rejectedatsignificancelevel 0.05.

(i) Theestimatorof theform ÅÆ]Ç thatexcludesthe Ð thcomponentfrom È if andonly if Ú�ÑÛ × ÜFÝ Þ×�á Ë
is rejectedatsignificancelevel 0.05.

(j) Theestimatorof the form ÅÆ·Ç obtainedthroughthealgorithmdescribedin Section2 with true

valueof â asthestartingvalue.(Notethatthis is nota realestimator.)

2. EstimatorsBasedon theVarimaxRotationof thePrincipalComponents.

(a) TheOLSRestimator, i.e., ÅÆ Ç for È
ã"ÌDËFÍHÎIÎHÎJÍlÉLÏ .
(b) The estimatorof the form ÅÆ Ç obtainedthroughthe algorithmdescribedin Section2 with the

OLSRestimatorasastartingvalue.

(c) Theestimatorof the form ÅÆ·Ç obtainedthroughthealgorithmdescribedin Section2 with true

valueof â asthestartingvalue.(Notethatthis is nota realestimator.)

3. PLSREstimators.

(a) TheOLSRestimator, i.e., ÅÆ Ç for È
ã"ÌDËFÍHÎIÎHÎJÍlÉLÏ .
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(b) The estimatorof the form äå]æ obtainedthroughthe algorithmdescribedin Section2 with the

OLSRestimatorasastartingvalue.

(c) Theestimatorof the form äå3æ , where ç is chosenthroughleave-one-outcrossvalidationfrom

the è·é-ê subsetsof ëDêFìIíHíIí�ì6èLî satisfyingï%ð�ê�ñ�ç whenever ï}ñ'ç .

(d) Theestimatorof theform äå]æ obtainedthroughthealgorithmdescribedin Section2 with starting

valueprovidedby method3(c).

(e) Theestimatorof the form äå·æ obtainedthroughthealgorithmdescribedin Section2 with true

valueof ò asthestartingvalue.(Notethatthis is nota realestimator.)

Theestimatorsproducedby methods1(j) and2(c) areoptimalestimatorsin thesenseof Corollaries1

and2. Methods1(j), 2(c),and3(e)cannotbeusedin practicebecausethetruevalueof ò will beunknown.

Theseestimatorshavebeenincludedin thesimulationstudyto gaugetheimpactof usingimperfectstarting

valuesin thealgorithm.

7. AN EXAMPLE

We examinedataon nationalmen’s trackrecordsfor 55 countriesin 8 eventsusingdatafrom Johnson

andWichern(1998). The eventsconsideredincludethe 100m,200m,400m,800m,1500m,5000m,and

10,000mracesalongwith themarathon(42,195m).For thesakeof illustration,wetreattherecordmarathon

performanceasthe responsevariableandfocuson estimatingthe multiple regressioncoefficient for each

recordin a shorterevent.We convertedall recordsto speedsin meterspersecondfor thisanalysis.

Biasedregressionmethodsmay be useful for estimatingthe vectorof regressioncoefficients for this

datasetbecausethereis evidenceof nearmulticollinearity. Samplecorrelationsbetweenpairsof predictor

variablesrangefrom 0.596(100mand5000m)to 0.972(5000mand10,000m).Theeigenvaluesof ó'ô#ó are

26.32,3.64,0.65,0.43,0.32,0.24,and0.15.Thefirst principalcomponentexplainsapproximately83%of

thetotalsamplevariancewhile thelastprincipalcomponentexplainslessthanhalf apercent.
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Estimatesof õ for all themethodsdescribedin Section6 aredisplayedin Table1. Methodsthatyield

thesameestimatefor õ arelistedona singlerow. Methods1(a),2(a),and3(a)will, of course,alwaysyield

the sameestimateof õ becausethey arebasedon a projectionof ö ontoa basisfor the columnspaceof

÷
. Otherestimatorsthathappenedto coincidefor thisexamplewill notalwaysagree.We wouldexpectthe

recordspeedsin thelongestracesto bemostpositively correlatedwith recordmarathonspeed,andall the

estimatesof õ matchthis expectation.Theestimatesof theregressioncoefficientsaregenerallyincreasing

with increasingeventdistance.Themainexceptioninvolvesthenegativecoefficientassignedto the1500m

recordspeedby theOLSRestimatorandtheestimators1(c),2(b), and3(b) which useOLSRestimateasa

startingvalue.

For thisexample,themethodsin thesecondrow of Table1 useonly thefirst two principalcomponents

of
÷

toestimateõ . Thestandarderrorsfor theOLSRestimatorandthePCRestimatorthatusesonly thefirst

two principalcomponentsareprovidedin thefirst two rowsof Table2. Notethattheestimatedvariability of

thePCRregressionestimatesis greatlyreducedrelative to theestimatedvariability of theOLSRestimates.

Thecoefficient for therecord10,000mspeedis theonly OLSRcoefficient significantlydifferentfrom 0 at

the0.05level. In contrast,all thePCRcoefficientsaresignificantlydifferentfrom zeroat the0.05level. The

third row of Table2 containsstandarderrorestimatescorrespondingto theestimatorobtainedby regressing

ö againstthe1st,2nd,and7th componentsobtainedthrougha varimaxrotationof all thescaledprincipal

components.Method2(b) is equivalentto this estimatorfor this dataset. The standarderrorsaregreatly

reduced(relative to OLSRstandarderrors)for thefirst five coefficients.Estimatedstandarderrorsareonly

slightly reducedfrom OLSRstandarderrorsfor the last two regressioncoefficients. Carefulexamination

of the componentsrevealsthat theselarge standarderror estimatesaredue to the useof the 7th rotated

componentwhich, in this case,is a linearcombinationof theoriginal scaledprincipal componentswith a

largeweighton the7th scaledprincipalcomponent.

The standarderrorsreportedin the secondand third rows of Table 2 arenot the standarderrorsfor
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any of the methodsdescribedin Section6. All the methodsconsideredin this paper(with the exception

of OLSR)use ø to choosecomponentsfor regression.ThePCRandandrotatedPCRmethodsuse ø to

choosefrom amongcomponentsconstructedasa functionof ù . ThePLSmethodsuse ø to constructand

selectcomponentsfor regression.Theseestimatorshave unknown distributions. Standarderror estimates

thataccountfor therandomselectionof componentscouldbeestimatedthroughbootstrapprocedures,but

suchstandarderror estimatesarenot consideredin this paper. The standarderrorsin the secondrow of

Table2 arethecorrectstandarderrorestimatesfor thePCRestimatorthatusesonly thefirst two principal

components.Methods1(b) and1(d)-1(h)happento coincidewith this estimatorfor this dataset. These

maybeviewedasthecorrectstandarderrorestimatesin aconditionalsense.Similarstatementsapplyto the

connectionbetweenthestandarderrorestimatesin the third row of Table2 andtheestimatorproducedby

method2(b).

The coefficientsof the linear combinationsusedto form the first two principal components;the 1st,

2nd, and7th rotatedcomponents;and the first two PLS componentsare provided in Table3. The first

principal componentis roughly proportionalto an averageof the recordspeedsandcanbe viewedasan

overall measureof thestrengthof a country’s trackprogram.Thesecondcomponentis a somewhatcrude

contrastbetweenthe shorterandlongereventswith heaviest weightson the extremes. The strengthof a

country’s sprint speedrecordsover its long distancespeedrecordsincreasesas the valueof the second

principalcomponentincreases.Whenmarathonrecordspeedis regressedonthesetwo components,wesee

a significantpositive coefficient for thefirst principalcomponentanda significantnegative coefficient for

thesecondprincipalcomponent,aswouldbeexpected.

The componentsrotatedwith the varimax proceduretend to placesubstantialweightson fewer of

the predictorvariables.The first componentis approximatelyproportionalto the averageof 5,000mand

10,000mrecordspeeds.Thesecondcomponentis muchlike thesecondprincipalcomponentwith a little

moreemphasisontheshortsprints.Theseventhcomponentis essentiallyacontrastbetween5,000mrecord
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speedand10,000mrecordspeed,with positive valuessuggestingthat a countryis strongerat the longer

distance.Whenmarathonrecordspeedis regressedagainstthe 1st,2nd,and7th rotatedcomponents,the

signsof thecoefficientsarepositive,negative,andpositive,respectively, aswouldbeexpected.

Methods3(c) and3(d) usethe first two PLS componentsto estimateú . Thecoefficientsof the linear

combinationsthatprovide thesecomponentsarefoundin thelast two linesof Table3. ThesePLScompo-

nentsaremoredifficult to interpretthantheprincipalcomponentsor therotatedprincipalcomponentsin this

example.Theregressioncoefficientsarebothpositivewhen û is regressedagainstthesetwo components.

Methods1(c) usesthe1st,2nd,6th, and7th principalcomponents.In this case,themethodis a com-

promisesbetweenOLSRandtheotherPCRestimatorsthatuseonly thefirst two principalcomponents.By

usingthelasttwo principalcomponents,theestimatorhaslessbiasatacostof greatervariability. Thesame

generalcommentsapplyto estimatorproducedusingmethod3(b). This PLSRestimatorusesthefirst four

PLScomponentsratherthanonly thefirst two componentsutilizedby theotherPLSRestimators.Examina-

tion of Table1 shows thattheseestimatorsaremoresimilar to theOLSRestimatorthantheotherPCRand

PLSRestimatorsfor thisexample.

8. A SIMULATION STUDY

A simulationstudywasconductedto investigatetheeffectivenessof theproposedestimatorsatreducing

MSE. We have madeno attemptto find the “best” biasedregressionestimator. Thereareseveral useful

methods– includingall ridgeregressionprocedures– thatarenot consideredin thesimulationstudy. We

focusonly on theestimatorsof theform üú]ý thataredescribedin Section6. Themaingoalof thestudyis

to determineif thecomponentselectionmethodssuggestedby Theorem1 andits corollariescanbeusedto

reduceMSE. We alsoexaminehow well methodsperformwhentruevaluesof ú and þ areusedto select

componentsby includingmethods1(j), 2(c),and3(e)in thestudy, eventhoughthesearenotestimators.

Thesimulationstudywasconductedasa completelyrandomizeddesignwith threefactors:thematrix

of predictorvariables,the truevalueof ú , andthesignalto noiseratio. To simulatenearmulticollinearity
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in the matrix of predictorvariables,the rows of eachof the four ÿ matricesconsideredin thestudywere

independentlydrawn from the ���������
	�� distribution,wheretheelementsof 	 are1 onthediagonaland0.9

on the off diagonal.The true valuesof 
 usedin the studyare 
���������������������������� , 
�� �!�����"���#���"���#�$��� ,

&%'�(�)����*���+���,���-�� � , and 
/.0�(�����1,2��3��$�#4���*�-�� � . Signal to noiseratio, definedby 5�6$� 798 
 � 	:
;6�< ,

wassetat 0.5 and2.0. Onehundred= vectorsweregeneratedfor eachof the32 simulationsettings.The

squareddistancefrom thetruevalueof 
 to eachof theestimatorsdescribedin Section6 wascomputedfor

all 3,200datasets.Method1(i) offeredanalmostimperceptibleimprovementovertheOLSRestimator. The

specificresultsfor thisestimatorarenotreportedhereto savespace.Themeansof the100squareddistances

(empiricalMSE estimates)for eachof the otherPCRmethodsandeachof the 32 simulationsettingsare

providedin Table4. Analogousresultsfor thevarimaxandPLSRestimatorsareprovidedin Table5. For

eachof the32simulationsettings,theOLSRestimatoralongwith theotherestimatorsdiscussedin Section

6 wererankedaccordingto theirempiricalMSEvalueswith lowestrankscorrespondingto lowestempirical

MSE.Themedianof the32ranksfor eachmethodis givenin thelastline of Tables4 and5.

9. DISCUSSION

The OLSR estimatorperformedquite poorly in the simulationstudyof Section8. This comesasno

surprisebecausethesimulationwasdesignedto studythebehavior of theestimatorswhenOLSRestimation

is expectedto bedeficient.TheOLSRestimatorwasstrongestrelativeto theotherestimatorswhensignalto

noiseratiowashighandthetruevalueof 
 was �)�������������>���?� � . Themedianrankfor theOLSRestimatorwas

worst(15.5)amongthe16proceduresranked.TheOLSRestimatorrankedlastfor half of the32simulation

settings.

Method1(c), thePCRestimatorthatusesalgorithmof Section2 with theOLSRestimateasa starting

value,exhibited lower MSE thantheOLSRestimatorfor all simulationsettingsexceptfor thosein which

signal to noiseratio was2.0 and 
 was ���@����������������� � . Method2(b), the varimaxestimatorthat usesthe

OLSRestimateasastartingvaluefor thealgorithmof Section2, improvedupontheOLSRestimatorfor 20
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of the32simulationsettings.TheanalogousPLSRestimator3(b)hadlowerempiricalMSEthantheOLSR

estimatorfor 30 of the32 simulationsettings.AmongestimatorsthatusetheOLSRestimateasa starting

value,the PLSRestimator3(b) hadthe bestmedianrankof 12. The PCRestimator1(c) andthevarimax

estimator2(b)exhibitedsimilarperformancewith medianranksof 13and14, respectively.

Althoughthealgorithmof Section2 doestendto reducetheempiricalMSEof theOLSRestimatorfor

themajority of thesituationswe examined,theimprovementat any particularsimulationsettingis seldom

dramatic. The samecanbe said for the useof the algorithmwith otherstartingvalues. It is interesting,

however, to notethatthealgorithmseemsto reducetheMSE of theestimatorsupplyingthestartingvalue,

regardlessof which estimatoris usedto provide the startingvalue. For example,method1(e) hadlower

empiricalMSE than1(d) for 29 of the32 simulationsettings.Method1(g) hadlower empiricalMSE than

1(f) for 26 of the 32 settings. Method 3(d) outperformed3(c) for 30 of the 32 settings. The value of

thealgorithmof Section2 canalsobeseenby comparingthemedianranksfor theestimatorsthatusethe

algorithmto themedianranksof theestimatorsusedasstartingvaluesfor thealgorithm.Eachestimatorthat

usesthealgorithmof Section2 earneda bettermedianrankthantheestimatorusedto produceits starting

value.

The PLSRestimatorwith the cross-validatedPLSRestimateasa startingvaluehadthe bestmedian

rankamongtheestimatorsthatutilize thealgorithmof Section2. Thetwo PCRestimatorsthatusedcross

validationto producestartingvalues– 1(e)and1(g)– hadthenext bestmedianranks,with 1(e)performing

slightly betterthan1(g). Thisgroupof estimators– 3(d),1(e),and1(g)– performedsubstantiallybetterthan

theestimatorsthatusedtheOLSRestimateasastartingvaluefor many of thesimulationsettings.

Methods1(b) and1(h) exhibited the mostdramaticdropsin MSE amongthe proceduresthat canbe

usedin practice.Method1(h),in particular, wasimpressivewith empiricalMSEvaluessometimeslessthan

a third the empiricalMSE of method1(b) andlessthana tenththe MSE of the OLSR estimator. For 28

of the32 simulationsettings,method1(h) hadthe lowestempiricalMSE amongmethodsthatdid not use
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thetrueparametervalues.Method1(h) wasoccasionallytheworstamongall estimators,but this occurred

in situationswhenall estimatorshadrelatively low MSE.Overall method1(h) looksto bethebestmethod

amongthoseconsideredfor theanalysisof thesimulationdata.Judgingby theperformanceof theestimators

thatusethealgorithmof Section2, anestimatorthatusesthealgorithmwith anestimatefrom method1(h)

asthestartingvaluemighthave slightly lowerMSEthatmethod1(h).

Methods1(j), 2(c),and3(e)usedthealgorithmof Section2 with thetruevalueof A asa startingvalue.

TheempiricalMSEvalueswerealwaysextremelylow for estimators1(j) and3(e).Bothmethodsearnedthe

bestmedianrankof 2.0.TheempiricalMSEof method2(c)wasgenerallyhigherthantheempiricalMSEof

eithermethod1(j) or 3(e). For themajorityof thesimulationsettingsthevarimaxestimator2(c) estimated

B
by thezerofor all 100randomlygenerateddatasets.Thisoftenled to valuesof empiricalMSEthatwere

lower thanempiricalMSEvaluesfor theOLSRestimatorandtheothermethodsthatusedthedatato select

components.TheempiricalMSE valuesreportedin Table4 and5 clearlyshow thatnoneof theestimators

that usedatato selectcomponentsapproachthe performanceof the minimum-MSEPCRestimator1(j).

Method1(h) comestheclosestto matchingthe ideal,but even this methodhasempiricalMSE valuesthat

areoftenanorderof magnitudehigherthantheempiricalMSEattainedby theoptimalestimator.

10. CONCLUSION

This paperhasaddressedthe estimationof
B

usingall columnsof C . Thereis alsogreatinterestin

identifying the columnsof C that explain D well and eliminating thosecolumnsthat are unnecessary.

Recentexciting applicationsincludethe generalproblemof datamining andidentifying quantitative trait

loci in genetics,wherethe responsevariableis a trait of interestand geneticmarkersare the predictor

variables. It is our hopethat the studyin this paperprovidesnot only a goodestimatorof
B

but alsoan

estimatorthatprovidessomeinsightaboutthe linear subspaceof the columnspaceof C that explains D
well. We hopethatthetheorythatwehave developedherewill helpusto tacklethemoredifficult problem
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of selectingtherelevantvariablesfrom alargepoolof potentialpredictorvariables.
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Table1. EstimatedRegressionCoefficientsfor theTrack Data

Events

Method 100m 200m 400m 800m 1500m 5000m 10,000m

1(a),1(i), 2(a),3(a) -0.121 -0.045 0.036 0.125 -0.136 0.234 0.785

1(b),1(d)-1(h) -0.162 -0.082 0.041 0.141 0.234 0.379 0.381

1(c) -0.212 -0.022 0.145 0.151 -0.116 0.208 0.744

2(b) -0.098 -0.042 0.013 0.009 -0.038 0.238 0.782

3(b) -0.098 -0.090 0.075 0.114 -0.147 0.300 0.726

3(c),3(d) -0.152 -0.083 0.037 0.125 0.203 0.384 0.412

Table2. EstimatedStandard Errorsof RegressionCoefficientEstimatesfor theTrack Data

Events

Method 100m 200m 400m 800m 1500m 5000m 10,000m

OLSR 0.137 0.155 0.142 0.166 0.196 0.203 0.205

PCR(1stand2ndPC) 0.036 0.027 0.013 0.007 0.013 0.026 0.026

VMX (components1,2,and7) 0.039 0.034 0.008 0.006 0.004 0.188 0.188
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Table3. Principal, Varimax,andPartial LeastSquaresComponents

Events

Method 100m 200m 400m 800m 1500m 5000m 10,000m

PCR1 0.070 0.071 0.066 0.066 0.072 0.083 0.086

PCR2 0.318 0.236 0.096 -0.010 -0.096 -0.225 -0.222

VMX1 0.003 0.010 0.000 -0.003 -0.015 0.214 0.212

VMX2 0.367 0.315 -0.072 -0.054 -0.007 -0.157 -0.162

VMX7 -0.086 0.091 -0.032 0.020 -0.042 -1.780 1.775

PLS1 1.753 -1.266 0.282 -0.145 -0.076 -0.085 0.307

PLS2 1.806 -0.978 0.0411 -0.172 0.323 0.024 -0.334

*Eachrow of thetablecorrespondsto a row of a matrix E satisfying

F0GIH EKJ for some
F

whosecolumnsareanorthonormalbasisof
H

.
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Table4. Performanceof thePrincipal ComponentsRegressionEstimators

Method

L M
S/N 1(a) 1(b) 1(c) 1(d) 1(e) 1(f) 1(g) 1(h) 1(j)

1 1 0.5 10.57 3.226 8.752 4.552 4.483 4.789 4.784 1.855 0.851
1 1 2.0 0.653 0.857 0.709 0.730 0.744 0.774 0.774 0.817 0.472
1 2 0.5 224.8 48.55 175.1 86.80 83.89 79.84 79.69 15.54 0.592
1 2 2.0 16.61 5.108 13.46 6.365 6.189 6.422 6.402 2.252 0.047
1 3 0.5 2342 650.7 1942 977.9 952.5 934.6 918.0 139.8 13.82
1 3 2.0 104.6 27.67 80.22 40.74 40.51 40.14 39.44 12.76 9.161
1 4 0.5 30540 6048 23432 9685 9470 8207 8207 2513 424.6
1 4 2.0 1947 914.9 1698 945.1 939.8 987.6 992.9 489.6 358.9
2 1 0.5 8.469 2.632 7.209 2.871 2.815 3.439 3.410 1.442 0.826
2 1 2.0 0.650 0.826 0.691 0.884 0.877 0.809 0.820 0.889 0.486
2 2 0.5 236.4 80.43 200.5 84.93 83.63 104.9 104.6 34.40 0.761
2 2 2.0 12.46 1.942 9.764 2.841 2.775 4.107 4.072 0.182 0.056
2 3 0.5 1649 331.4 1211 525.8 522.9 470.5 467.9 153.2 18.70
2 3 2.0 116.0 50.97 96.70 59.74 58.21 63.74 63.16 25.98 11.88
2 4 0.5 27595 7693 22705 10473 10275 11043 10942 1089 508.9
2 4 2.0 1419 734.1 1243 883.6 871.6 887.3 879.8 558.6 412.6
3 1 0.5 12.67 3.460 10.60 3.227 3.181 4.311 4.277 1.092 0.810
3 1 2.0 0.745 0.935 0.850 0.908 0.917 0.916 0.920 0.893 0.504
3 2 0.5 316.6 111.0 271.0 127.9 124.4 127.0 125.6 29.67 0.735
3 2 2.0 16.76 5.232 13.08 5.043 4.872 6.369 6.251 1.909 0.065
3 3 0.5 1987 418.8 1476 577.0 564.5 594.6 590.4 120.4 16.15
3 3 2.0 149.3 44.76 123.6 66.12 65.61 65.04 64.57 30.71 10.58
3 4 0.5 33116 9626 26912 10523 10430 10450 10428 4458 459.9
3 4 2.0 2021 1046 1734 1187 1165 1152 1141 555.2 380.0
4 1 0.5 8.363 3.750 7.426 4.092 4.061 3.925 3.923 2.071 0.837
4 1 2.0 0.432 0.716 0.516 0.655 0.664 0.638 0.645 0.804 0.391
4 2 0.5 148.4 27.87 117.7 40.94 39.66 42.14 42.07 7.959 0.986
4 2 2.0 10.23 3.024 8.265 4.127 3.911 3.931 3.867 0.944 0.077
4 3 0.5 1415 202.9 1097 388.4 360.7 418.1 409.4 79.27 23.31
4 3 2.0 94.36 31.35 81.86 40.41 38.40 44.95 44.55 18.05 10.13
4 4 0.5 20237 5637 15816 6419 6150 6086 6046 2162 470.1
4 4 2.0 1172 671.4 1032 716.4 705.4 739.4 736.5 439.4 365.0

medianrank 15.5 5.5 13.0 9.5 8.0 10.0 9.5 4.0 2.0

*Eachtableentryis anempiricalestimateof MSEbasedon100replications.
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Table5. Performanceof theVarimaxandPartial LeastSquaresEstimators

Method

N O
S/N 2-3(a) 2(b) 2(c) 3(b) 3(c) 3(d) 3(e)

1 1 0.5 10.57 8.600 1.000 8.627 3.564 3.323 0.838
1 1 2.0 0.653 0.661 0.325 0.582 0.725 0.706 0.541
1 2 0.5 224.8 175.2 5.000 181.8 54.68 54.07 0.610
1 2 2.0 16.61 17.45 5.000 13.30 5.414 5.372 0.049
1 3 0.5 2342 1818 55.00 1905 700.8 692.0 13.56
1 3 2.0 104.6 101.0 55.00 80.58 30.80 30.47 8.961
1 4 0.5 30540 24182 869.0 24725 8486 8248 414.1
1 4 2.0 1947 1837 671.2 1586 951.5 881.2 352.3
2 1 0.5 8.469 6.551 0.394 6.740 2.379 2.338 0.811
2 1 2.0 0.650 0.614 0.332 0.701 0.838 0.831 0.572
2 2 0.5 236.4 195.5 5.000 190.2 67.25 64.46 0.800
2 2 2.0 12.46 12.87 5.000 9.259 2.366 2.337 0.057
2 3 0.5 1649 1173 55.00 1270 436.4 406.2 18.68
2 3 2.0 116.0 120.3 55.00 99.86 55.05 53.80 11.62
2 4 0.5 27595 22798 979.0 22215 7976 7606 511.4
2 4 2.0 1419 1521 979.0 1203 810.0 801.9 404.1
3 1 0.5 12.67 10.21 0.605 10.23 3.142 3.123 0.793
3 1 2.0 0.745 0.777 0.332 0.714 0.804 0.791 0.543
3 2 0.5 316.6 258.4 5.000 257.5 114.7 110.1 0.779
3 2 2.0 16.76 17.91 5.000 12.82 5.019 4.822 0.068
3 3 0.5 1987 1528 55.00 1481 418.6 408.5 16.13
3 3 2.0 149.3 159.6 55.00 118.0 56.19 55.23 10.14
3 4 0.5 33116 27224 979.0 26711 7025 6975 440.8
3 4 2.0 2021 2148 979.0 1556 1041 992.6 383.4
4 1 0.5 8.363 7.667 1.000 7.012 3.848 3.791 0.807
4 1 2.0 0.432 0.469 0.337 0.475 0.564 0.567 0.415
4 2 0.5 148.4 132.3 5.000 117.6 36.10 35.06 1.117
4 2 2.0 10.23 10.90 5.000 8.507 2.691 2.554 0.083
4 3 0.5 1415 1211 55.00 1108 315.7 294.5 23.66
4 3 2.0 94.36 100.4 55.00 76.07 35.42 34.74 9.440
4 4 0.5 20237 18412 979.0 16508 5284 5287 467.8
4 4 2.0 1172 1321 970.9 917.1 703.6 696.4 412.5

medianrank 15.5 14.0 3.0 12.0 7.0 5.0 2.0

*Eachtableentryis anempiricalestimateof MSEbasedon100replications.
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