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ABSTRACT

Mosig et al. (2001) propose an intuitively appealing method for estimating the number of null
hypotheses that are false in a multiple test situation. They present an iterative algorithm that relies
on the distribution of observed p-values to obtain their estimator. We characterize the limit of their
iterative algorithm and show that their estimator can be computed directly without iteration from

the observed distribution of p-values.

1. Introduction. Many genomics experiments involve testing hundreds or thousands of null hy-
potheses. For example, when searching for associations between genetic loci and a trait of interest,
a collection of loci spread throughout the genome at 1 cM increments may be tested, with each null
hypothesis being that of no association between the locus and the trait. In microarray experiments
it is common to test, for each of thousands of genes, the null hypothesis that the mRNA level of

the gene is not altered by a treatment. In such situations it is natural to wish to estimate the number



of loci that are associated with the trait or the number of genes whose mRNA level is altered by
treatment.

In addition to being of direct scientific interest, estimates of the number of false null hypotheses
can help researchers understand how many additional null hypotheses could be rejected with a
more powerful experiment. For example, suppose that 100 of 1000 null hypotheses have been
rejected using a method that provides some satisfactory control of an error rate of interest. If it is
estimated from the same data set that 500 of the 1000 null hypotheses are false, the researcher has
information that perhaps as many as 400 more discoveries could be made with a more powerful
experiment.

Estimates of the number of false null hypotheses are also very useful for estimating the pro-
portion of mistakenly rejected null hypotheses among all rejected null hypotheses. Such measures
have become very popular in recent years due to the work of Storey (2002, 2003), Storey and Tib-
shirani (2001), and Storey et al. (2003). As a simple example suppose we conduct 10,000 tests and
reject Hy; if p; < 0.01. Further, suppose 120 p-values are less than 0.01. If we are able to deter-
mine that 9,000 null hypotheses are true and 1,000 are false, we would expect around 90 of the 120
rejected null hypotheses to be false positives. Such a performance is likely to be considered unac-
ceptably poor. On the other hand, if we are able to determine that 1,000 null hypotheses are true
and 9,000 are false, we would expect only about 10 of the 120 to be false positives, and the list of
tests for which the null hypothesis was rejected would be considerably more useful. Distinguishing
between the two situations clearly requires knowledge of the number false null hypotheses among
all null hypotheses tested.

In this paper we consider the problem of estimating the number of false null hypotheses in a
collection of n tests, given the observed p-values p+, ..., p, for the collection of tests. We focus
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on the method proposed by Mosig et al. (2001). Section 2 describes this method in detail. Section
3 contains a proof that the iterative algorithm proposed by Mosig et al. (2001) does converge to a
limit as the number of iterations goes to infinity. Furthermore, we characterize the limit and show

that the estimator can be computed directly from the observed p-values with no iteration.

2. An Intuitive Algorithm for Estimating the Number of False Null Hypotheses. Suppose a
collection of n null hypotheses Hyy, ..., Hy, is to be tested. Suppose that, for all € (0, 1), each
null hypothesis is tested using a test for which the probability of rejecting a true null hypothesis is
exactly o whenever the test is conducted at significance level a.. Then the p-values corresponding
to tests with true null hypotheses will follow a uniform distribution on the interval (0, 1). Further
suppose that the tests used are unbiased, implying that the probability of rejecting a false null hy-
pothesis with a significance-level-« test will be greater than or equal to «.. (Note that the rejection
probability must be greater than « in some regions of the alternative space so that the rejection
probability is not simply equal to a constant o regardless of the data.) When these conditions
are satisfied, the distribution of observed p-values from the n tests will be a mixture of a uniform
distribution and a distribution that is stochastically smaller than uniform. The mixing proportion
associated with the uniform distribution gives the proportion of tests with true null hypotheses
while one minus that mixing proportion gives the proportion of tests with false null hypotheses.
Mosig et al. (2001) propose an iterative algorithm that essentially estimates the proportion of
observed p-values that follow a uniform distribution. The previously published description of their
algorithm is somewhat unclear on a few points. By examining the examples presented by Mosig
et al. (2001), we were able to arrive at the following description of their algorithm that can be used

to reproduce the results in Table 2 of Mosig et al. (2001).



Informal Description of the Iterative Algorithm:

1. The interval [0, 1] is partitioned into B bins of equal width.
2. Initially assume that all null hypotheses are true.

3. Find the expected number of p-values for each bin given the current estimate of the number
of true null hypotheses, bearing in mind that p-values corresponding to true null hypotheses

should be uniformly distributed on the interval (0, 1).

4. Beginning with the leftmost bin, sum the number of p-values in excess of expected until a

bin with no excess is reached.

5. The excess sum is an estimate of the number of false null hypotheses. The number of tests

minus this estimate provides an estimate of the number of true null hypotheses.
6. Return to step 3 and repeat until convergence.

We now give a more formal definition of this algorithm that facilitates the proof in Section 3.

Formal Definition of the Iterative Algorithm:

Suppose the interval [0, 1] is partitioned into B bins numbered from 1 to B such that bin 1 is

[0,1/B] and bin i is (4, 4] for i = 2,..., B. Let n; denote the number of p-values falling into

binifori=1,...,B. Letnzp =7 ;n;/(B—i+1)foranyi=1,...,B.Let Ny =2/ n; =

Bn,y.5 and define

N, o — 1\ N._ 1
_k:<2k ) ;1+<1_Zk3 )nik:B forall k > 1 (1)
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where

. .. Ni—
zkzmln{z:nig k 1}.

Then N, is the estimated number of true nulls at iteration % of the algorithm introduced by Mosig

etal. (2001).

3. Existence and Char acterization of the Limit.

Convergence Theorem: Let / = min{i : n; < 7;.5}. Then limy_,o, Ny, = Bhi1.p.
Proof: The proof of the main theorem rests on the following facts which we state here and prove

at the end of this section.
A.N1.g > No.g > -+ > NI.B.
B. If i, < I,then (i) i < igyq, (1) ixpq < I, and (iii) ip < iz~ fOr some k* > k.
C. If there exists k* such that i,- = I, then ¢, = I forall k& > k*.

D. Suppose {a; }x>o is an infinite sequence of real numbers. If there exists A € [0, 1), an integer
k*, and a real number a such that ay, = Aay_1+(1—\)a whenever & > £*, then limy,_, o, a, =

a.

We begin by showing that the sequence {i,} converges to I in a finite number of iterations.
Note that if I = 1, then n; < ;.5 = Ny/B. Thus i; = 1 = I by the definition of i;, and fact C
guarantees that i, = I forall > 1. If I > 1, theni; < I because n; < 7i;.p < fi1.p = No/B by
fact A and the definitions of ¢; and 7. Now if ¢; = I, fact C guarantees that i, = I forall i > 1. If

11 < I, parts (i) through (iii) of fact B imply that ;- must equal I for some £* > 1. Hence i, = I



for all £ > k* by fact C. Thus, in all cases, there is some £* > 1 satisfying i, = I for any k£ > k*.

It follows from (1) that

Ny, I—1\ Ny -1\
R — S — . > k*.
B < B > B +<1 3 >n1_B forall £k > k

Now fact D implies that limy,_, % = 71;., and the desired result follows. O

Proof of Fact A: For all 1 < I we have

1 1
n; > Nj.p = <7> n; + <1— 7) Mi41:B 2)
B—i+1 B—i+1

Straightforward manipulation of (2) yields n; > 7;,1.5. Now substituting 72, 1.5 for n; in the right

side of equation (2) yields n;.g > n;11.5. Thus
ny.p > No.g > -+ > Np.p.U

Proof of Fact B(i): By the definition of I, n;, > n;,.s whenever ¢, < I. By the definition of i,

n;, < Ny_1/B. Thus 7;,.5 < Nj_1/B. Substituting N,_,/B for n;,.5 in (1) yields

Ny, iy — 1\ Nyt iy — 1\ Npo1 Ny
Nk 1— = .
B << B ) B +< B > B B

Therefore n; < Ny /B implies that n, < Ny_;/B. It follows that {i : n, < N,/B} C {i : n; <
Ni_1/B}. Thus iy, = min{i : n; < Ny_1/B} < min{i : n; < Ni/B} = if41. O

Proof of Fact B(ii): By definition of iy, n;, < N,_;/B. Thus, using fact A and the definition of
I, we have

nr <nrp < ni.p < ni, < Ny_1/B

whenever i, < I. Thus




by (1) which implies that i, < I by the definition of ;. O
Proof of Fact B(iii): Suppose i, < I and i, < i for all £ > k. This would imply that i, = i, for

all ¢ > k by fact B(i). Thus

N, i, — 1\ Np_q < 1 — 1> _
= 1-— . foralll > k.
B < B ) B B )" =

Fact D implies that lim;_,o Ny/B = n;,.5. However, i, < I implies that n;, > n,,.5. Thus there
exists k* > k such that n;, > N,_,/B whenever ¢ > k*. This implies that i, # i, when ¢ > k*.
We have reached a contradiction. Therefore the result follows. O

Proof of Fact C: If i, = I, then (1) implies that

N (I—-1\ Np, ( 1—1>
B _< B ) g ~\l7 ) )

By the definition of I, n; < n;.p. By the definition of iy, n; < Ny, /B when i, = I. Thus
substituting n; for Ny_;/B and n; for n;.5 in (3) yields Ny/B > n;. Hence i < I. Now by
fact A and the definition of 7, n; > 7.5 for any ¢ < I. Furthermore i, = I impliesn; > Ny /B
for any ¢ < I. Thus substituting n; for ;.5 and n; for N;,_;/B in (3) implies n; > N,/ B for any
1 < I.Thus i, > I. We have shown that i,y < Iand iy, > I. ThuS iy, = 1. O

Proof of Fact D: Let b, = ay1,, 1 forall n > 0. Then b; = Aoy + (1 — A)a, and an induction

argument shows that b,, = A\"by + a(1 — \) 14 A forall n > 1. Now X € [0, 1) implies that

lim A" =0 and > XN =(1-X)""

n— o0 4
=0

Thus lim,,_,~ b, = a, and limy_ oo ar = a since {ak}kzk* = {bn}nzl- O

4. An Example
Suppose 100 tests are conducted with observed p-values distributed as follows:
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Interval Number of P-Values

[0.0,0.2] 36
(0.2,0.4] 22
(0.4,0.6] 20
0.6,0.8] 10
(0.8,1.0] 12

It is straightforward to show that the iterative algorithm of Mosig et al. (20001) produces the
sequence Ny = 100, Ny = 82, Ny = 71.2, N3 = 64.72, Ny = 60.832, N5 = 58.4992, Ny =
57.09952, N; = 56.259712, Ny = 55.7558272, Ny = 55.45349632, N1g = 55.272097792, N1; =
55.1632586752, N1» = 55.09795520512, N3 = 55.058773123072, ... Due to round-off error the
algorithm will converge in a finite number of steps to an estimate of 55 for the number of true null
hypotheses. Thus 100 — 55 = 45 is the estimate of the number of false null hypotheses according
to the iterative procedure.

Now note that n; = 36 > 20 = ny.5, no = 22 > 16 = ngs, n3 = 20 > 14 = ng.s,
and ny = 10 < 11 = fys. Thus I = 4 and the limiting value for the iterative algorithm is
Bn.p = 5ny.s = 5(11) = 55 according to the Convergence Theorem of Section 3. The estimated
number of false null hypothesis is 100 — 55 = 45.
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