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1. In tro duction

Considera time seriesheteroscedasticity regressionmodel of the form

Yt = m(X t ) + � (X t)et ; t = 1; 2; : : : ; n (1.1)

whereboth m(�) and � (�) are unknown functions de�ned over Rd, the data f (X t ; Yt )gn
t=1 are

weakly dependent stationary time series,and et is an error processwith zeromeanand unit

variance. Supposethat f m� (�)j� 2 � g is a family of parametric speci�cation to the regression

function m(x) where � 2 Rq is an unknown parameter belonging to a parameter space�.

This paper considerstesting the validit y of the parametric speci�cation of m � (x) against a

seriesof local alternatives,that is to test

H0 : m(x) = m� (x) versusH1 : m(x) = m� (x) + Cn � n(x) for all x 2 S; (1.2)

where Cn is a non-random sequencetending to zero as n ! 1 , � n(x) is a sequenceof

functions in Rd and S is a compactset in Rd. Both Cn and � n (x) characterizethe departure

of the local alternativefamily of regressionmodelsfrom the parametric family f m � (�)j� 2 � g.

Nonparametric kernel estimation of the conditional mean function is well studied for

both independent and dependent observations as documented in Fan and Gijbels (1996)

and Fan and Yao (2003). Goodness-of-�t tests for a parametric conditional meanmodel by

formulating certain distance measurebetween the parametric model and its corresponding

kernel estimator has beenproposedin the literature; for instance the works of Eubank and

Spiegelman(1990),H•ardle and Mammen(1993),Hjellvik and Tj�stheim (1995),Hart (1997),

Hjellvik, Yao and Tj�stheim (1998). Fan and Zhang (2003) proposeseparatetests for the

conditional mean and the variance of a di�usion model. Zhang and Dette (2003) compare

the power of three kernel basedtests. Wang and Van Keilegom (2005) proposea test based

on the idea of ANOVA with large number of factor levelsfor dependent observations. Other

related referencesinclude Robinson(1989), Andrews (1997), An and Cheng(1991), Eubank

and Hart (1992),Horowitz and H•ardle (1994),Hong and White (1995),Li and Wang (1998),

Li (1999), Gao, Tong and Wol� (2002), Sperlich, Tj�stheim and Yang (2002) and Gao and

King (2003).

The main focus of the paper is on formulating a test that is able to di�eren tiate be-

tweenH0 and H1 with a smallestCn possiblefor dependent observations. A key feature of

2



the proposedtest is that the test statistic is an empirical likelihood (EL) of the hypothesed

parametric model given observations. The EL (Owen, 1988,1990) is a technique that allows

construction of nonparametriclikelihood for a parameterof interest. Despitethat it is intrin-

sically nonparametric, it possessestwo important properties of a parametric likelihood: the

Wilks' theorem and the Bartlett correction. For survival data, Li and Van Keilegom(2002)

construct nonparametric likelihood ratio con�dence bands for censoreddata. Li (2003) con-

sider a goodness-of-�t test for a parametric speci�cation of the distribution function which

is more e�cien t in Bahadur sensethan any weighted Kolmogorov{Smirnov test at any alter-

native. Einmahl and McKeague(2003)proposean EL goodness-of-�t tests for a distribution

function and other distributional characteristics. Fan and Zhang (2004) proposea sieve EL

test for testing a general varying-coe�cien t regressionmodel that extends the generalized

likelihood ratio test of Fan, Zhang and Zhang (2001). They demonstrate that the `Wilks

phenomenon'continues to hold under generalassumptionson the error distribution. Tri-

pathi and Kitam ura (2003) proposean EL test for conditional moment restrictions. Both of

theseworks are establishedfor independent data. For testing the conditional meanfunction

with dependent data, Chen, H•ardle and Li (2003)developan EL test by simulating a known

Gaussianrandom �eld.

Another featureof our proposal is that the �nal test statistic is formulated by maximizing

the EL statistics over a set of bandwidths. This is aimed at achieving the optimal rate of

convergencefor Cn , which de�nes the gap between the null and alternative hypothesesin

(1.2). The existing goodness-of-�t tests for a parametric model basedon a kernel estimator

with a �xed bandwidth h, for instancethe testsgiven in H•ardle and Mammen(1993),require

that the smallestorder for Cn is of ordern� 1=2h� d=4 in order for the test to beconsistent. This

is larger than n� 1=2, which is the rate achieved by tests for a �nite dimensionalparameter in

a standardparametric setting and by testsbasedon the empirical distribution function of the

estimatedresidualsin the caseof � n(x) � �( x) for all n. For testing parametric conditional

meanmodels,Horowitz and Spokoiny (2001)proposean adaptivetest that combinesa version

of the H•ardle{Mammen test statistics over a set of bandwidths. The test is adaptive against

the unknown smoothnessof the local alternativehypothesisand is able to achievethe optimal

order for C1n in the minimax senseof Spokoiny (1996), and Ingster and Suslina (2003). A
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similar ideais alsogivenin Fan (1996). In this paper, weextendthe proposalof Horowitz and

Spokoiny (2001) for the proposedtest basedon the EL with weakly dependent observations.

Comparingwith testsbasedon a �xed bandwidth, a test basedon a setof bandwidths will be

lessdependent on a particular choiceof bandwidth and hencewill make the test more robust

against the choice of smoothing bandwidths. To accurately approximate the distribution

of the adaptive test statistic, a bootstrap procedure is used to pro�le the critical value of

the test. This combination of the EL and bootstrap utilizes the good features of the EL

for the construction of test statistics and the e�ectiv enessof the bootstrap in distribution

approximation.

The rest of this paper is organizedasfollows. Section2 outlines the EL formulation of the

test statistic. The main results regardingthe adaptive EL test and its rate-optimal property

are given in Section 3. Section 4 presents simulation results. All the technical proofs are

provided in the appendix.

2. Adaptiv e Empirical Lik eliho od Test Statistics

Like existing kernel basedgoodness-of-�t tests, our test is basedon a kernelestimator of the

conditional mean function m(x). Let K be a r -th order d-dimensional kernel and h be a

smoothing bandwidth. Let K h(u) = h� dK (u=h). The Nadaraya-Watson (NW) estimator of

m(x) is

m̂(x) =

P n
t=1 K h(x � X t )YtP n

t=1 K h(x � X i )
:

Let ~� be a consistent estimator of � under H0. Like H•ardle and Mammen (1993), let

~m~� (x) =

P n
t=1 K h(x � X t )m~� (X t )P n

t=1 K h(x � X t )

be a kernelsmooth of the parametric model m� (x) with the samekerneland bandwidth asin

m̂(x). This is designedto avoid the bias of the kernel estimator getting into the asymptotic

distribution of the test statistic.

Let Qt (x) = K h(x � X t )f Yt � ~m~� (x)g. At an arbitrary x 2 S, let pt (x) be a sequenceof

nonnegative real functions representing weights allocated to each (X t ; Yt ). The EL for m(x)
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evaluated at the smoothed parametric model ~m~� (x) is

Lf ~m~� (x)g = max
nY

t=1

pt (x) (2.1)

subject to
P n

t=1 pt (x) = 1 and
P n

t=1 pt (x)Qt(x) = 0. A standard derivation shows that the

optimal weights are

pt (x) =
1
n

f 1 + � (x)Qt(x)g� 1; (2.2)

where� (x) is the solution of
nX

t=1

Qt (x)
1 + � (x)Qt (x)

= 0: (2.3)

As the EL is maximizedat pt (x) = n� 1, the log-EL ratio is

`f ~m~� (x)g = � 2log[Lf ~m~� (x)gnn ]:

The EL test statistic at a given bandwidth h is

`( ~m~� ; h) =
Z

`f ~m~� (x)g� (x)dx; (2.4)

where� (�) is a non-negative weight function supported on the compactset S � Rd.

Let R(K ) =
R

K 2(x)dx, v(x) = R(K )� 2(x)f � 1(x) and

C(K ; � ) = 2R� 2(K )
Z

� 2(x)dx
Z �

K (2) (x)
� 2

dx; (2.5)

whereK (2) is the convolution of K . Chen, H•ardle and Li (2003) show that asn ! 1

h� d=2

�
`( ~m~� ; h) � 1 � hd=2

Z
v� 1=2(x)� 2

n(x)� (x)dx
�

d! N (0; C(K ; � )) : (2.6)

They proposeda singlebandwidth basedEL test basedon critical valuesobtained by simu-

lating a Gaussianrandom �eld.

Like all nonparametric kernel goodness-of-testsbasedon a singlebandwidth, the test is

consistent only if Cn is at the order of n� 1=2h� d=4 or larger, indicating that Cn hasto converge

to zero more slowly than n� 1=2. To reducethe order of Cn to smallest possible,we employ

the adaptive test procedureof Horowitz and Spokoiny (2001) for the EL test statistics as

follows. Let

H n =
�

h = hmaxak : h � hmin ; k = 0; 1; 2; : : : Jn

	
(2.7)
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bea setof bandwidths, where0 < a < 1, Jn = log1=a(hmax=hmin ) is the number of bandwidths,

hmax = cmax (log log(n)) � 1
d and hmin = cmin n� 
 for 0 < 
 < 1

3d and somepositive constants

�1 < cmin ; cmax < 1 . The choice of hmax is vital in reducing Cn to almost n� 1=2 rate

in the caseof � n(�) � �( �). In view of the fact that Ef `( ~m~� ; h)g = 1 under H0 and

varf `( ~m~� ; h)g = C(K ; � )hd as given in (2.5) the adaptive EL test statistic is proposedas

follows:

Ln = max
h2H n

`( ~m~� ; h) � 1
p

C(K ; � )hd
: (2.8)

Here the variancecoe�cien t C(K ; � ) of `( ~m~� ; h) is completely known upon given the kernel

K and the weight function � , which is due to EL's abilit y to studentize internally.

Let l � (0 < � < 1) be the 1 � � quantile of the �nite sampledistribution of L n where

� is the signi�cance level of the test. We propose the following bootstrap procedure to

approximate l � :

1. For each t = 1; 2; : : : ; n, let Y �
t = m~� (X t ) + � n (X t )e�

t , where � n (�) is a consistent

estimator of � (�), f e�
t g is independent of f X sg for all s � 1, and sampledrandomly

from a speci�ed distribution with E[e�
t ] = 0, E [e� 2

t ] = 1 and E
�
je�

t j
4+ �

�
< 1 for some

� > 0. De�ne l �
� to be the 1 � � quantile of the distribution of L n with f Ytg replaced

by f Y �
t g.

2. Let �̂ � be the estimateof � basedon the resamplef (X t ; Y �
t )gn

t=1 . Compute the statistic

L �
n by replacingYt and ~� with Y �

t and �̂ � accordingto (2.8).

3. Estimate l �
� by the 1 � � quantile of the empirical distribution of L �

n , which can be

obtained by repeating steps1{2 many times.

It shouldbe noted that f Y �
t g may be generatedrecursively by Y �

t = m~� (Y
�

t � 1) + � n(Y �
t � 1)e�

t

when f Ytg of (1.1) satis�es a nonparametric autoregressive model. The estimator � 2
n(�) can

be the following kernel estimator

� 2
n(x) =

P n
t=1 K b(x � X t )f Yt � m̂(x)g2

P n
t=1 K b(x � X t )

(2.9)

with a bandwidth b satisfying nhmin bd ! 1 as n ! 1 . The proposedadaptive EL test

rejectsH0 if Ln > l �
� .
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There are two di�eren t approaches we could use for generating f e�
t g for the bootstrap.

The �rst is the oneusedin Horowitz and Spokoiny (2001)which generatesindependent and

identically distributed e�
t from N (0; 1). The secondapproach is the regressionbootstrap

proposedby Franke, Kreiss and Mammen (2002), where the generationof f e�
t g dependson

(X 1; � � � ; X T ). The regressionbootstrap is more sophisticated and works for more general

purposes.We usein this paper the �rst approach in conjuction with an estimator of � 2(�) as

it is simpler and su�cien t for the task of this paper.

3. Main Results

The following are assumptionsneededin establishingthe asymptotic results.

Assumption 3.1. (i) The processf (X t ; Yt )g is strictly stationary and � -mixing with the

mixing coe�cient � (t) = supfj P(A \ B ) � P(A)P(B )j : A 2 
 s
1; B 2 
 1

s+ t g for all s; t � 1,

where 
 j
i denotethe � -�elds generated by f (X s; Ys) : i � s � j g. There exist constantsa > 0

and � 2 [0; 1) suchthat � (t) � a� t for t � 1.

(ii) For all t � 1, E[et j
 t � 1] = 0 and E[e2
t j
 t � 1] = 1, where 
 t are � -�elds generated by

f (X s+1 ; Ys) : 1 � s � tg.

(iii) Let � t = Yt � m(X t ). There existsa constant � � > 0 suchthat E
h�
�� i 1

t1
� i 2

t2
� � � � i l

t l

�
�1+ � �

i
<

1 , where 1 � l � 4, 0 � i j � 4 and
P l

j =1 i j � 8.

Assumption 3.2. (i) Let f be the density of X t , S be a compact subsetof Rd, � i (x) =

E[� i
t jX = x] and � be a weight function such that

R
s2 S � (s)ds = 1 and

R
s2 S � 2(s)ds � C

for someconstant C; f (x) and � i (x) for i = 2 or 4 are Lipschitz continuous in S, and the

�rst two derivativesof f (x), m(x) and � 2(x) are continuous on S, inf x2 S � (x) � C0 > 0 and

inf x2 S f (x) � C1 > 0 for constantsC0 and C1.

(ii) Let f � 1 ;� 2;��� ;� l (�) be the joint probability density of (X 1+ � 1 ; : : : ; X 1+ � l ) (1 � l � 4).

Assumethat each f � 1 ;� 2 ;��� ;� l (�) existsand is Lipschitz continuous in Sl for l = 1; � � � ; 4.

(iii) K (x1; � � � ; xd) =
Q d

i=1 k(x i ), where k(�) is a r -th order univariate kernel which is

symmetric, Lipschitz continuousandsupported on [� 1; 1] satisfying
R

k(t)dt = 1;
R

t lk(t)dt =

0 for l = 1; � � � ; r � 1 and
R

t r k(t)dt = kr 6= 0 for a positive integer r > d=2.

De�ne 5 l
� m� (x) = @l m � (x)

@� l whenever thesederivativesexist. For any q� q matrix D, de�ne

jjDjj 1 = supv2 Rq
jj D vjj
jj vjj wherejjB jj 2

m =
P q

i=1

P q
j =1 b2

ij for a q � q matrix B = (bij )1� i;j � q.
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Assumption 3.3. (i) The parameterset � is an open subsetof Rq for someq � 1. For each

x 2 S, m� (x) is three times di�er entiable with respect to � 2 � . There exist constants 0 <

C1; C2 < 1 suchthat E [sup� 2 � jm� (X 1)j2] � C1 and max1� j � 3 E
�
sup� 2 � jj 5 j

� m� (X 1)jj 2
m

�
�

C2. For each � 2 � , m� (x) is continuous with respect to x 2 S. There is a �nite CI > 0 such

that for every " > 0,
R

x2 S inf � ;� 02 �: jj � � � 0jj� " [m� (x) � m� 0(x)]2 f (x)dx � CI "2:

(ii) Let H0 be true. Then � 0 2 � and limn!1 P
� p

njj ~� � � 0jj > C1L

�
< " for any " > 0

and someC1L > 0.

(iii) Let H0 be false. Then there is a � � 2 � suchthat limn!1 P
� p

njj ~� � � � jj > C2L

�
< "

for any " > 0 and someC2L > 0.

(iv) The set H n has the structure of (2.7) with hmax > hmin = O(n� 
 ) for someconstant

0 < 
 < 1
3d and hmax = Ch(log log(n)) � 1

d for a constant Ch > 0.

Assumptions 3.1 and 3.2 are standard conditions in this kind of problem. Assumption

3.2(i) corresponds to Assumption 5 of Horowitz and Spokoiny (2001). Assumption 3.2(iii)

plays a role similar to Assumption 4 of Horowitz and Spokoiny (2001). Assumption 3.3

corresponds to Assumptions 1{2 and 6 of Horowitz and Spokoiny (2001). Assumption 3.3

(iv) requires the smallest bandwidth hmin = O(n� 
 ) where 0 < 
 < 1
3d . To include the

optimal order n� 1
d+2 r for estimating m(x) in the rangeof H n , we needto have r > d which

is something further than requiring r > d
2 as assumedin Assumption 3.2 (ii). This implies

that higher order kernelsare neededwhen d � 2. However, for the purposeof establishing

the results reported below, it is not essential to have the order n� 1
d+2 r coveredby H n .

The following theorem shows that the EL test hasa correct sizeasymptotically.

Theorem 3.1. SupposeAssumptions3.1, 3.2 and 3.3(i)(ii)(iv) hold. Then under H 0,

lim
n!1

P(Ln > l �
� ) = �:

To establishthe power properties of the adaptive EL test, let de�ne the distancebetween

m and the parametric family M as

� (m; M ) =
�

inf
� 2 �

� Z

x2 S
[m� (x) � m(x)]2 f (x)dx

�� 1=2

: (3.1)

The consistencyof the test against a �xed alternative is establishedin Theorem3.2 below.
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Theorem 3.2. Assume that Assumptions 3.1, 3.2 and 3.3(i)(iii)(iv) hold. If there is a

C� > 0 suchthat � (m; M ) � C� for n � n0 with somelargen0, then

lim
n!1

P(Ln > l �
� ) = 1:

We then considerthe consistencyof the EL test against special from of H1 of the form

m(x) = m� (x) + Cn �( x) (3.2)

whereCn ! 0 as n ! 1 , � 2 � and for positive and �nite constants D1; D2 and D3,

0 < D1 �
Z

x2 S
� 2(x)f (x)dx � D2 < 1 and � (m; M ) � D3Cn : (3.3)

Theorem 3.3. AssumeAssumptions3.1, 3.2 and 3.3(i)(iii). Let Assumption 3.3(iv) hold

with hmax = Ch(log log(n)) � 1
d for some�nite constant Ch . Let m satisfy (3.2) and (3.3) with

Cn � Cn� 1=2
p

loglog(n) for someconstant C > 0. Then

lim
n!1

P(Ln > l �
� ) = 1:

To discussthe consistencyof the adaptiveEL test over alternativesin a H•oldersmoothness

class, we introduce the following notation. Let j = (j 1; : : : ; j d) where j 1; : : : ; j d � 0 are

integers, jj j =
P d

k=1 j d and D j m(x) = @j j j m(x)

@x j 1
1 ���@x

j d
d

whenever the derivative exists. De�ne

the H•older norm jjmjj H ;s = supx2 S

P
j j j� s (jD j m(x)j). The smoothnessclassthat we consider

consist of functions m 2 S(H; s) � f m : jjmjj H ;s � CH g for someunknown s and CH < 1 .

For s � max(2; d=4) and all su�cien tly large Dm < 1 , de�ne

BH ;n =
�

m 2 S(H; s) : � (m; M ) � Dm

�
n� 1

p
loglog(n)

� 2s=(4s+ d)
�

: (3.4)

Theorem 3.4. Assumethat Assumptions3.1{3.3 all hold. Let m satisfy (1.2) under H 1 and

(3.4). Then for 0 < � < 1 and BH ;n de�ned in (3.4),

lim
n!1

inf
m2 B H;n

P(Ln > l �
� ) = 1:

Theorem 3.1 shows that the test attains the nominal level � asymptotically. Theorem

3.2 establishesthat the adaptive EL test is consistent against a family of �xed alternatives.

Theorem 3.3 shows that the proposedtest is consistent for Cn � Cn� 1=2
p

loglog(n), which
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is a substantial improvement over the �xed bandwidth basedtests and achievesalmost the

conventional rate n� 1=2.

The conclusionof Theorem 3.4 shows that L n is uniformly consistent over alternatives

within the H•older classof smooth functions whosedistancefrom the parametric counterparts

approaches zero at the rate of
�

n� 1
p

loglog(n)
� 2s=(4s+ d)

, which is the fastest possible in

the minimax senseof Ingster and Suslina (2003), and Spokoiny (1996). The most striking

property of Theorem 3.4 is that it achieves the best rate of convergencefor Cn without

knowing s, the degreeof smoothness. This is the reasonbehind the term \adaptiv e and

rate-optimal" by Horowitz and Spokoiny (2001) when describing their test. We show that

the sameproperty holds for the proposedEL test with weakly dependent observations.

4. Simulation results

We carried out two simulation studies which were designedto evaluate the empirical per-

formance of the proposed adaptive EL test. In the �rst simulation study, we conducted

simulation for the following regressionmodel usedin Horowitz and Spokoiny (2001):

Yi = � 0 + � 1X i + (5=� )� (X i =� ) + � i ; (4.1)

where the f � i : i � 1g are independent and identically distributed from three distributions

with zeromeanand constant variance,f X i g are univariate designpoints to be sampledfrom

N (0; 25) distribution truncated at its 5th and 95th percentiles , � = (� 0; � 1)� = (1; 1)� is

chosenas the true vector of parametersand � is the standard normal density function.

The null hypothesisH0 : m(x) = � 0 + � 1x speci�es a linear regressioncorresponding to

� = 0, whereasthe alternative hypothesisH1 : m(x) = � 0 + � 1x + (5=� )� (x=� ) for � = 1:0

and 0:5. Readersshould refer to Horowitz and Spokoiny (2001) for details on the designsX i ,

the three distributions of � i and other aspects of the simulation. We usedthe samenumber

of simulation, the bootstrap resamplesand estimation proceduresfor � as in Horowitz and

Spokoiny (2001). We also employed the samekernel, the samebandwidth set H n , the same

estimator � 2
n and the distribution for f e�

i g in the Monte Carlo simulation procedure as in

Horowitz and Spokoiny (2001). Like Horowitz and Spokoiny, the nominal sizeof the test was

5%.
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Table 1 summariesthe performanceof the adaptive EL test by adding one column to

Table 1 of Horowitz and Spokoiny (2001). Our results show that the proposedadaptive EL

test hasslightly better power than the adaptive test of Horowitz and Spokoiny (2001), while

the sizesare similar to those of Horowitz and Spokoiny (2001). This may not be surprising

as the two tests are equivalent in the �rst order. The di�erences betweenthe two tests are

(i) the EL test statistic carries out the studentizing implicitly and (ii) certain higher order

featureslike the skewnessand kurtosis are re
ected in the EL statistic. Thesemight be the

underlying causefor the slightly better power observed for the EL test.

The secondsimulation study was conducted on an ARCH type time seriesregression

model of the form:

Yi = 0:25+ 0:5Yi � 1 + Cn cos(8Yi � 1) + 0:25
q

Y 2
i � 1 + 1 ei ; (4.2)

wherethe innovation f ei gn
i=1 waschosento be independent and identically distributed N (0; 1)

random variables. The samplesizesconsideredin the simulation weren = 300and n = 500.

The vector of parameters� = (�; � ; � 2) wasestimatedusing the pseudo-maximum likelihood

method, which is commonlyusedin the estimation of ARCH models. In the implementation,

f e�
i g was sampledas a sequenceof independent and identically normal distributed random

errors from N (0; 1) and the estimator � 2
n(x) was used as given in (2.9). Both the tests of

Horowitz and Spokoiny (2001)and the proposedtest are evaluated. Although Horowitz and

Spokoiny's test was originally proposedfor independent observations, a justi�cation for its

usewith dependent observations is implicitly contained in this paper.

We chose the bandwidth set H n = f 0:3; 0:332; 0:367; 0:407; 0:45g with a = 0:903 for

n = 300 and H n = f 0:25; 0:281; 0:316; 0:356; 0:4g with a = 0:889 for n = 500. Both the

power and the sizeof the adaptive test are reported in Table 2. We found that both tests

had good approximation to the nominal signi�cance level of 5%, which con�rms Theorem

3.1 and the quality of the simulation calibration to the distribution of the two adaptive test

statistics. However, the power of Horowitz and Spokoiny's test was rather subdued for the

situations considered.As expectedwhenCn wasincreased,the power of the proposedtest was

increased;and for a �xed level of Cn , the power increasedwhen n was increased.The latter

was becausethe distancebetweenH0 and H1 becamelarger when n was increasedalthough

11



Cn was kept the same. This better power performanceof the proposedtest was possibility

due to the internal studentization of the EL which enhancesthe power of the proposedtest.

App endix

As the Lagrangemultiplier � (x) is implicitly dependent on h, we �rst establish the con-

vergencerate for supx2 S � (x) uniformly over the bandwidth set H.

Lemma A.1 . Under Assumptions3.1, 3.2 and 3.3, as n su�ciently large

max
h2H

sup
x2 S

� (x) = opf n� 1=3 log(n)g:

Pro of: For any � > 0

P
�

max
h2H n

sup
x2 S

hd=2� (x) � � n� 1=2 log(n)
�

�
X

h2H n

P
�

sup
x2 S

hd=2� (x) � � n� 1=2 log(n)
�

:

As the number of bandwidths in Hn is only of order log(n), by checking the proof of

Lemma1 of Chen, H•ardle and Li (2002), it canbe shown that log(n) canbe readily squeezed

in front of the probabilities involved to achieve that

log(n)P

 
X

x2 S

hd=2� (x) � � n� 1=2 log(n)

!

! 0

as n ! 1 . This implies that, as n ! 1 ,

P
�

max
h2H n

sup
x2 S

hd=2� (x) � � n� 1=2 log(n)
�

! 0 (A.1)

and hencemaxh2H n supx2 S hd=2� (x) = opf � n� 1=2 log(n)g. Then the lemma is establishedby

noting that the smallestbandwidth hmin = O(n� 
 ) where3d
 < 1 asassumedin Assumption

3.3(iv).

In view of (2.6) of Chen, H•ardle and Li (2003), using Lemma A.1 we may show that

max
h2H n

h� d=2

�
`( ~m~� ; h) � nhd

Z
�U2

1 (x; ~� )v� 1(x)� (x)dx
�

= op(1); (A.2)

where
�U1(x; ~� ) = (nhd)� 1

nX

t=1

K
�

x � X t

h

�
f Yt � ~m~� (x)g

12



and v(x) = R(K )f � 1(x)� 2(x).

Let Wt (x) = 1
nh d K

�
x� X t

h

�
, ast = nhd

R
x2 S Ws(x)Wt(x)v� 1(x)� (x)dx, and � t (� ) = � (X t ; � ) =

m(X t ) � m� (X t ). De�ne

`0n (h) =
X

s;t

ast � s� t and Qn(� ) = Qn(� ; h) =
X

s;t

ast � s(� )� t (� ): (A.3)

Then the leading term in `n ( ~m~� ; h) is

`1n (h; ~� ) � nhd
Z

�U2
1 (x; ~� )v� 1(x)� (x)dx = `0n (h) + Qn(~� ) + � n(~� ); (A.4)

where� n(~� ) = `1n(h; ~� ) � `0n (h) � Qn (~� ) is the remainder term.

Without lossof generality, weassumethat C(K ; � ) = 2R� 2(K )
R�

K (2) (x)
� 2

dx
R

� 2(y)dy =

1. In view of the de�nition of L n = maxh2H n

`( ~m ~� ;h)� 1
hd= 2 and (A.4), de�ne

L0n(h) =
`0n (h) � 1

hd=2 ; L1n(h) =
`1n(h; ~� ) � 1

hd=2 and L2n(h) =
`1n (h; � � ) � 1

hd=2 ; (A.5)

where � � = � 0 when H0 is true and � � is as de�ned in Assumption 3.3(iii) when H0 is false.

Let L �
0n(h) and L �

1n(h) be the respectiveversionsof L 0n(h) and L1n(h) de�ned above basedon

the bootstrap resamplef (X i ; Y �
i )g. LemmasA.2{A.7 below areusedin the proof of Theorem

3.1 to justify the approximation of l �
� by l � involved in the simulation procedure. Lemmas

A.8{A.10 are mainly employed in the proofs of Theorems3.2{3.4.

Lemma A.2 . Supposethat Assumptions3.1, 3.2 and 3.3(i) hold.

(i) For every � > 0, we have that maxh2H n supjj � � � 0 jj� �
Qn ( � )
nh d � C� 2 holds in probability,

where C > 0 is a constant.

(ii) For each � 2 � and su�ciently large n, we have that C1hd� (� )� � (� ) � Qn(� ) �

C2hd� (� )� � (� ) holds in probability, where � (� ) = (� 1(� ); � � � ; � n (� )) � and 0 < C1 � C2 < 1

are constants.

Pro of: (i) It follows from the de�nition of Qn(� ) that Qn(� ) � jjAjj 1 jj � (� )jj 2. Let A be the

matrix of n � n with f astg asits s � t element. In order to prove LemmaA.2(i), oneneedsto

show that jjAjj 1 � Chd holdsin probabilit y for someconstant C > 0. Let q(x) = v� 1(x)� (x).

We now have

jjAjj 1 � max
1� t � n

nX

s=1

ast = C(1 + op(1)) max
1� t � n

Z
K

�
x � X t

h

�
q(x)f (x)dx

13



= C(1 + op(1))hd max
1� t � n

(f (X t ) q(X t ))
Z

K (u)du � Chd (A.6)

using the fact that

ast = nhd
Z

Ws(x)Wt (x)q(x)dx =
Z

K
�

x� X s
h

�

P n
u=1 K

�
x� X u

h

� f̂ (x)K
�

x � X t

h

�
q(x)dx

= (1 + op(1))
Z

K
�

x� X s
h

�

P n
u=1 K

�
x� X u

h

� K
�

x � X t

h

�
q(x)f (x)dx:

In order to prove Lemma A.2(i), it su�ces to show that supjj � � � 0 jj� � jj � (� )jj 2 � Cn� 2

holds in probabilit y. A Taylor seriesexpansionto m� (X t ) � m� 0 (X t ) and an application of

Assumption 3.3(i) �nish the proof of Lemma A.2(i).

(ii). Let � min (A) and � max (A) denote the smallest and largest eigenvaluesof A, respec-

tiv ely. In view of � min (A) � jj � (� )jj 2 � Qn(� ) � � max (A)jj � (� )jj 2, in order to prove Lemma

A.2(ii), it su�ces to show that for n large enough,� min (A) � C1hd(1 + op(1)) holds in prob-

abilit y. Such a proof follows similarly from the proof of Lemma A.2 of Gao, Tong and Wol�

(2002).

For simplicity, in the following lemmasand their proofs, we let q = 1. For 1 � j � 3,

de�ne  j (X t ; � ) = m( j )
� (X t ) = dj m � (X t )

d� j .

Lemma A.3 . (i) Under Assumptions3.1, 3.2 and 3.3(i), we havefor any given � 2 �

J � 1=2
n max

h2H n

h� d=2

�
�
�
�
�

nX

s=1

nX

t=1

ast � s 1(X t ; � )

�
�
�
�
�

= Op(1); (A.7)

(ii) Under Assumptions3.1 and 3.2, we haveas n ! 1

J � 1=2
n max

h2H n

h� d=2 max
1� t � n

�
�
�
�
�

nX

s=1

ast � s

�
�
�
�
�

= Op(1): (A.8)

Pro of: (i) It su�ces to show that for any large constant C0 > 0

P

"

J � 1=2
n max

h2H n

h� d=2

�
�
�
�
�

nX

s=1

nX

t=1

ast � s 1(X t ; � )

�
�
�
�
�

> C0

#

�
X

h2H n

P

" �
�
�
�
�

nX

s=1

nX

t=1

ast � s 1(X t ; � )

�
�
�
�
�

> C0J 1=2
n hd=2

#

14



�
X

h2H n

1
C2

0Jnhd
E

"
nX

s=1

nX

t=1

ast � s 1(X t ; � )

#2

�
X

h2H n

1
C2

0Jnhd

(
nX

s=1

nX

t=1

E [ast � s 1(X t ; � )]2 + � 1n(� )

)

;

where� 1n(� ) = E [
P n

s=1

P n
t=1 ast � s 1(X t ; � )]2 �

P n
s=1

P n
t=1 E [ast � s 1(X t ; � )]2.

A direct calculation shows that asn ! 1
nX

s=1

nX

t=1

E [ast � s 1(X t ; � )]2 = (A.9)

Z Z
q(x)q(y)K (2)

�
x � y

h

�
K (2)

�
y � x

h

�
� 2(x) 2

1(y; � )f (x; y)dxdy = C(� )hd(1 + o(1))

for somefunction C(� ).

Similarly to (B.4) of Gao and King (2003), we may show that as n ! 1 ,

� 1n(� ) = o(hd): (A.10)

Therefore,the proof of (A.7) is completed.

(ii) The proof of (ii) is similar to that of Lemma A.3(i).

Lemma A.4 . Under Assumptions3.1, 3.2 and 3.3(i)(ii), we havefor each u > 0 and under

H0,

max
h2H n

sup
j � � � 0 j� n � 1=2 u

h� d=2

�
�
�
�
�

nX

s=1

nX

t=1

ast � s� t (� )

�
�
�
�
�

= Op
�
J 1=2

n n� 1=2
�

: (A.11)

Pro of: Using a Taylor seriesexpansionto m� (X t ) � m� 0 (X t ) and Assumption3.3(i), we have

for � 0 between� and � 0

�
�
�
�
�

nX

s=1

nX

t=1

ast � s� t (� )

�
�
�
�
�

=

�
�
�
�
�

nX

s=1

nX

t=1

ast � s [m� (X t ) � m� 0 (X t )]

�
�
�
�
�

�

�
�
�
�
�

nX

s=1

nX

t=1

ast � s 1(X t ; � 0)

�
�
�
�
�
j� � � 0j +

1
2

�
�
�
�
�

nX

s=1

nX

t=1

ast � s 2(X t ; � 0)

�
�
�
�
�
j� � � 0j2

+
1
6

�
�
�
�
�

nX

s=1

nX

t=1

ast � s 3(X t ; � 0)

�
�
�
�
�
j� � � 0j3 �

�
�
�
�
�

nX

s=1

nX

t=1

ast � s 1(X t ; � 0)

�
�
�
�
�
j� � � 0j
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+
1
2

j� � � 0j2
�
�
�
�
�

nX

s=1

nX

t=1

ast � s 2(X t ; � 0)

�
�
�
�
�

+
1
6

nj� � � 0j3
�
�
�
�
�

nX

s=1

ast � s

�
�
�
�
�

max
1� t � n

j 3(X t ; � 0)j : (A.12)

Hence,(A.7), (A.8), (A.12) and Assumption 3.3(i) imply

max
h2H n

sup
jj � � � 0 jj� n � 1=2 u

h� d=2

�
�
�
�
�

nX

s=1

nX

t=1

ast � s� t (� )

�
�
�
�
�

� Op
�
J 1=2

n n� 1=2�
: (A.13)

The proof of (A.11) follows from (A.12) and (A.13).

Lemma A.5 . Under Assumptions3.1, 3.2 and 3.3(i)(iii) hold. Then under H1, for every

u > 0, any qn ! 1 and someh 2 H n

sup
j � � � � j� n � 1=2 u

�
�
�
�
�

nX

s=1

nX

t=1

ast � s� (X t ; � )

�
�
�
�
�

= op(qnhd=2): (A.14)

Pro of: The rest of the proof follows similarly from that of (A.13) using lim n!1 qn = 1 .

Lemma A.6 . Supposethat Assumptions3.1{3.3 hold. Then as n ! 1

max
h2H n

Ln (h) = max
h2H n

L1n(h) + op(1) = max
h2H n

L2n(h) + op(1);

max
h2H n

L �
1n (h) = max

h2H n
L �

0n(h) + op(1);

and maxh2H n L1n(h) = maxh2H n L0n(h) + op(1) under H0.

Pro of: The proof follows from (A.3), (A.4), (A.5) and LemmasA.3{A.5.

Lemma A.7 . Suppose Assumptions 3.1{3.3 hold. Then the asymptotic distributions of

maxh2H n L2n (h) and maxh2H n L �
0n(h) are identical under H0.

Pro of: In view of Lemma A.6, in order to prove Lemma A.7, it su�ces to show that the

distributions of maxh2H n L0n (h) and maxh2H n L �
0n(h) are asymptotically the same.Similarly

to the proof of Lemma A.2, we can show that

max
h2H n

h� d=2

 
nX

s=1

ass� 2
s � 1

!

= op(1) and max
h2H n

h� d=2

 
nX

s=1

ass� � 2
s � 1

!

= op(1): (A.15)
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Thus, it su�ces to show that maxh2H n

P
s6= t ast � s� t and maxh2H n

P
s6= t ast � �

s�
�
t have the

sameasymptotic distribution. For h 2 H n , let ut = � t or � �
t and de�ne

Bhn (u1; : : : ; un ) = h� d=2

"
X

s6= t

astusut

#

(A.16)

Let Bn (u1; : : : ; un) bethe sequenceobtainedby stacking the correspondingBhn (u1; : : : ; un)

(h 2 H n). Let G(�) = Gn (�) bea 3{times continuouslydi�eren tiable function overRJn . De�ne

Cn (G) = sup
v2 RJ n

max
i;j;k =1 ;2;:::;Jn

�
�
�
�

@3G(v)
@vi@vj @vk

�
�
�
� :

Like Horowitz and Spokoiny (2001), there are two stepsin the proof of LemmaA.3. First,

we want to show that

jE [G(Bn (� 1; : : : ; � n))] � E [G(Bn (� �
1; : : : ; � �

n))] j � C0Cn(G)
�

J 3
n

nh3d
1 min

� 1=2

(A.17)

for any 3{times di�eren tiable G(�), some�nite constant C0, and all su�cien tly largen. Then

in the secondstep, (A.17) is used to show that Bn (� 1; : : : ; � n) and Bn (� �
1; : : : ; � �

n) have the

sameasymptotic distribution.

Throughout the rest of the proof, we replaceast in (A.16) with ~ast (h) = h� d=2ast . Note

that

jE [G(Bn (� 1; : : : ; � n))] � E [G(Bn (� �
1; : : : ; � �

n))]j (A.18)

�
nX

t=1

�
�E

�
G(Bn (� 1; : : : ; � t ; � �

t+1 ; � � � ; � �
n))

�
� E [G(Bn (� 1; : : : ; � t � 1; � �

t ; : : : ; � �
n))]

�
� ;

whereBn(� 1; : : : ; � n ; � �
n+1 ) = Bn(� 1; : : : ; � n) and Bn (� 0; � �

1; : : : ; � �
n) = Bn(� �

1; : : : ; � �
n).

We now derive an upper bound on the last term of the sum on the right{hand side of

(A.18). Similar boundscanbe derivedfor the other terms. Let Un� 1, � n and ~� n , respectively,

denotethe vectorsthat are obtained by stacking

Uh;n =
n� 1X

s=1

n� 1X

t=1 ;6= s

~ast (h)� s� t ; � h;n = 2� n

n� 1X

s=1

~asn(h)� s; ~� h;n = 2� �
n

n� 1X

s=1

~asn(h)� s:

Using a Taylor expansionto the last term of the sum on the right{hand side of (A.18)

about � n = � �
n = 0 gives

jE [G(Bn (� 1; : : : ; � n))] � E [G(Bn (� 1; : : : ; � n� 1; � �
n))]j �

�
�
�E

h
G0(Un� 1)(� n � ~� n)

i �
�
�

17



+
1
2

�
�
�E

h
� �

nG00(Un� 1)� n � ~� �
nG00(Un� 1) ~� n

i �
�
� +

Cn (G)
6

n
E

�
jj � n jj 3

�
+ E

h
jj ~� n jj 3

io
;

whereG0 and G00denotethe gradient and matrix of secondderivativesof G and Cn(G) is a

positive and �nite constant.

Since

E [� n j
 n� 1] = E
�
� � j

n

�
= 0 and E

�
� 2

n j
 n� 1

�
= E

�
� � 2

n

�
= 1;

we have

E
h�

� n � ~� n

�
j
 n� 1

i
= 0 and E

h�
� n � �

n � ~� n
~� �

n

�
j
 n� 1

i
= 0:

This implies

jE [G(Bn (� 1; : : : ; � n ))] � E [G(Bn (� 1; : : : ; � n � 1; � �
n ))] j �

Cn (G)
6

n
E

�
jj � n jj 3

�
+ E

h
jj ~� n jj 3

io
: (A.19)

To estimate the upper bound of (A.19), we needthe following result:

ast =
1

nhd

Z
K

�
x � X s

h

�
K

�
x � X t

h

�
q(x)dx (A.20)

=
1
n

Z
K (u)K

�
u +

X s � X t

h

�
q(X s + uh)du =

1
n

L2

�
X s � X t

h
; X s

�
;

whereq(x) = v� 1(x)� (x) and L2(x; y) =
R

K (u)K (u + x)q(y + uh)du.

Using Assumptions 3.1{3.2 and (A.20), we have for n su�cien tly large and the small

� � > 0 involved in Assumption 3.1(iii),

X

h12H n

X

h2 2H n

E

"
n� 1X

s=1

n� 1X

t=1 ;6= s

~a2
sn(h1)~a2

tn (h2)� 2
s� 2

t �
4
n

#

(A.21)

�
X

h1 2H n

X

h22H n

1
n4hd

1hd
2

n� 1X

s=1

n� 1X

t=1 ;6= s

E
�
L2

2

�
X s � X n

h1
; X s

�
L2

2

�
X t � X n

h2
; X t

�
� 2

s� 2
t �

4
n

�

� C
X

h12H n

X

h22H n

1
n4hd

1hd
2

n� 1X

s=1

n� 1X

t=1 ;6= s

E
h�
�� 2

s� 2
t �

4
n

�
�1+ c

i

� C
X

h12H n

X

h22H n

1
n2hd

1hd
2

� C �
�

Jn

nhd
1 min

� 2

;

where0 < C < 1 is a constant.
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Similarly to the proof of Lemma C.2 of Gao and King (2003), as n ! 1

X

h1 ;h22H n

E

0

@
X

1� s6= t � n� 1

~a2
sn (h1)~asn(h2)~atn (h2)� 3

s� t � 4
n

1

A = o
�

Jn

nhd
1 min

� 2

; (A.22)

X

h1 ;h2 2H n

E

0

@
X

1� s6= t;s6= u;t 6= u� qn� 1

~a2
sn (h1)~atn (h2)~aun (h2)� 2

s� t � u � 4
n

1

A = o
�

Jn

nhd
1 min

� 2

;

X

h1 ;h2 2H n

E
� X

~asn (h1)~atn (h1)~aun (h2)~avn (h2)� s� t � u � v � 4
n

�
= o

�
Jn

nhd
1 min

� 2

;

where the last expectation is taken under 1 < s; t; u; v � n � 1 and s; t; u; v are all di�eren t, using

the fact that for every given x,

E
�
L2

�
X t � x

h
; X t

�
� t

�
= E

�
L2

�
X t � x

h
; X t

�
E [� t j
 t � 1]

�
= 0 (A.23)

implied from Assumption A.1.

Equations (A.21) and (A.22) then imply that as n ! 1

X

h1 2H n

X

h22H n

E

"
n� 1X

s;t;u;v =1

~asn(h1)� s~atn (h1)� t~aun (h2)� u~avn (h2)� v � 4
n

#

� C �
�

Jn

nhd
1 min

� 2

: (A.24)

Let ~Asn be the vector that is obtainedby stacking ~asn(h) (h 2 H n ). Equation (A.24) then
implies that as n ! 1

E
�
jj � n jj 3

�
= 8E

2

4

�
�
�
�
�

�
�
�
�
�

n � 1X

s=1

~Asn � s � n

�
�
�
�
�

�
�
�
�
�

3
3

5 � 8

8
><

>:
E

2

4
X

h2H n

 
n � 1X

s=1

~asn (h)� s � n

! 2
3

5

2
9
>=

>;

3=4

(A.25)

= 8

(
X

h1 2H n

X

h2 2H n

E

"
n � 1X

s;t;u;v =1

~asn (h1)� s~atn (h1)� t ~aun (h2)� u ~avn (h2)� v � 4
n

#) 3=4

� C
�

Jn

nhd
1 min

� 3=2

:

A similar result holds for E
h
jj ~� n jj 3

i
. Thus

E
�
jj � n jj 3

�
+ E

h
jj ~� n jj 3

i
� 2C

�
Jn

nhd
1 min

� 3=2

: (A.26)

Step2: As demonstratedin Horowitz and Spokoiny (2001),

lim
n!1

�
P

�
max
h2H n

Bhn (� 1; : : : ; � n) � x
�

� P
�

max
h2H n

Bhn (� �
1; : : : ; � �

n) � x
��

= 0
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for any real x is equivalent to

lim
n!1

�
�
�
�
�
E

 
Y

h2H n

I [Bhn (� 1; : : : ; � n) � x]

!

� E

 
Y

h2H n

I [Bhn (� �
1; : : : ; � �

n) � x]

! �
�
�
�
�

= 0:

Following the lines of Horowitz and Spokoiny (2001) by utilizing the above established

bound (A.26) and using (A.18), it can be shown that as n ! 1
�
�
�
�P

�
max
h2H n

Bhn (� 1; : : : ; � n) � x
�

� P
�

max
h2H n

Bhn (� �
1; : : : ; � �

n) � x
� �
�
�
�

� C
�

J 3
n

nh3d
1 min

� 1=2

! 0: (A.27)

This implies (A.17) and �nally completesthe proof of Lemma A.7.

Lemma A.8 . Supposethat AssumptionsA.1 and A.2 hold. Then for any x � 0, h 2 H n

and all su�ciently largen

P (L �
0n(h) > x) � exp

�
�

x2

4

�
:

Pro of: Similarly to the proof of Corollary 1 of Chen, H•ardle and Li (2003) that, for

any small � > 0 there exists a large integer n0 � 1 such that for n � n0 and x � 0,

jP(L �
0n(h) � x) � �( x)j < � , where �( x) = 1p

2�

Rx
�1 e� u 2

2 du. We therefore have for any

n � n0 and x � 0

P(L �
0n(h) > x) � 1 � �( x) + � =

1
p

2�

Z 1

x
e� u 2

2 du + �

=
1

p
2�

Z 1

x
e� u 2

4 e� u 2

4 du + � � e� x 2

4
1

p
2�

Z 1

x
e� u 2

4 du + �

� e� x 2

4
1

p
2�

Z 1

0
e� u 2

4 du + � = e� x 2

4

p
2

p
2�

Z 1

0
e� v 2

2 dv + � =

p
2

2
e� x 2

4 + �

using 1p
2�

R1
0 e� v 2

2 dv = 1
2. The proof follows by letting 0 < � �

�
1 �

p
2

2

�
e� x 2

4 for any x � 0.

For 0 < � < 1, de�ne ~l � to be the 1 � � quantile of maxh2H n L �
0n(h).

Lemma A.9 . Supposethat Assumption A.1 holds. Then for largeenoughn

~l � � 2
p

log(Jn ) � log(� ):
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Pro of: The proof is similar to that of Lemma 12 of Horowitz and Spokoiny (2001).

Lemma A.10 . Supposethat AssumptionsA.1 and A.2 hold. Supposethat

lim
n!1

P
�

Qn(� � ) � 2hd=2~l �
�

�
= 1 (A.28)

for some h 2 H n , where ~l �
� = max

�
~l � ;

q
2log(Jn) +

p
2log(Jn)

�
. Then limn!1 P(Ln >

l �
� ) = 1.

Pro of: By (A.3), (A.4), (A.5) and LemmaA.6, L n canbe replacedwith maxh2H n L2n(h).

By LemmasA.6 and A.7, l �
� can be replacedby ~l � . Thus, it su�ces to show that

lim
n!1

P(max
h2H n

L2n(h) > ~l � ) = 1;

which holds if limn!1 P(L2n(h) > ~l � ) = 1 for someh 2 H n . For any h 2 H n , using (A.3),

(A.4), (A.5) and Lemma A.2 again we have

L2n(h) = L0n(h) + h� d=2Qn(� � ) + h� d=2� n(� � ) (A.29)

= L �
0n(h) + h� d=2Qn(� � ) + h� d=2� n(� � ) + op(1)

= L �
0n(h) + h� d=2Qn(� � )(1 + op(1)) + op(1):

Condition (A.28) implies that as n ! 1

P
�

Qn(� � ) < 2hd=2~l �
�

�
! 0: (A.30)

Observe that

P(L2n(h) > ~l � ) = P
�

L2n (h) > ~l � ; Qn(� � ) � 2hd=2~l �
�

�

+ P
�

L2n (h) > ~l � ; Qn(� � ) < hd=22~l �
�

�
� I 1n + I 2n :

Thus, it follows from (A.29) that as n ! 1

I 1n = P
�

L �
0n(h) + h� d=2Qn(� � ) + h� d=2� n(� � ) > ~l � jQn(� � ) � 2hd=2~l �

�

�
P

�
Qn(� � ) � 2hd=2~l �

�

�

= P
�

L �
0n(h) + h� d=2Qn(� � )(1 + op(1))) > ~l � jQn(� � ) � 2hd=2~l �

�

�
P

�
Qn (� � ) � 2hd=2~l �

�

�

� P
�

L �
0n(h) > ~l � � 2~l �

� jQn(� � ) � 2hd=2~l �
�

�
P

�
Qn(� � ) � 2hd=2~l �

�

�
! 1

21



becauseL �
0n(h) is asymptotically normal and thereforeboundedin probabilit y and ~l � � 2~l �

� !

�1 as n ! 1 . Becauseof (A.30), limn!1 I 2n � P
�

Qn(� � ) < 2hd=2~l �
�

�
= 0. This �nishes

the proof.

Pro of of Theorem 3.1: By Lemma A.6, maxh2H n L1n (h) = maxh2H n L2n(h) + op(1).

By LemmaA.7, under H0 maxh2H n L2n (h) � maxh2H n L �
0n(h) ! 0 in distribution asn ! 1 .

UsingLemmaA.6 againimplies maxh2H n L �
1n(h) = maxh2H n L �

0n(h)+ op(1). This implies that

maxh2H n L1n (h) � maxh2H n L �
1n(h) ! 0 in distribution asn ! 1 . This, alongwith equations

(A.2){(A.5), �nishes the proof.

In order to prove Theorems3.2{3.3, in view of Lemma A.10, it su�ces to verify (A.28).

Using Lemma A.1(ii), it su�ces to verify

lim
n!1

P
�

hd� (� )� � (� ) � 4~l �
� hd=2

�
= 1: (A.31)

Pro of of Theorem 3.2: In view of the de�nition of ~l �
� , equation (A.31) follows from the

fact that as n ! 1 ,
1
n

� (� )� � (� ) � � (m; M ) ! 0 (A.32)

holds in probabilit y and nhd � C0
~l �
� hd=2 for someconstant 0 < C0 < 1 and n largeenough.

Pro of of Theorem 3.3: Using the de�nition of ~l �
� , (A.32),

1
n

nX

t=1

� 2(X t ) ! ES
�
� 2(X 1)

�
=

Z

x2 S
� 2(x)f (x)dx � D1 > 0 as n ! 1 ; (A.33)

and the fact that
1
n

� (� )� � (� ) =
C2

n

n

nX

t=1

� 2(X t ) � D1C2
n (A.34)

holds in probabilit y, one can seethat (A.31) holds when h = hmax = (log log(n)) � 1
d . This

�nishes the proof of Theorem3.3.

Pro of of Theorem 3.4: In order to verify (A.28), we needto introduce the following

notation: h1 =
�

n� 1~l �
�

� 2
4s+ d

. This implies nh
4s+ d

2
1 = ~l �

� . Chooseh 2 H n such that h1 � h <

2h1. We then have

4h
d
2 ~l �

� = 4nh
d
2 h

4s+ d
2

1 � 4nh
4s+ d

2 + d
2 = 4nh2s+ d: (A.35)
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Thus, in order to verify (A.28), it su�ces to show that

Qn(� � ) � 4nh2s+ d (A.36)

holds in probabilit y for the selectedh 2 H n and � � 2 �. The veri�cation of (A.36) can be

doneusing similar techniquesemployed in the proof of Lemma A.2. Alternativ ely, one may

follow the proof of (A13) of Horowitz and Spokoiny (2001)by noting that all the derivations

below their (A13) hold in probabilit y with respect to the distribution of f X i g.

Acknowledgemen ts: The authors thank Cheng Yong Tang for valuable computation as-

sistance. The secondauthor acknowledgessupport from an Australian Research Council

Discovery Grant.

References :

Andrews, D. W. K. (1997) A conditional Kolmogorov test. Econometrica, 65, 1097{1028.

Chen, S. X., H•ardle, W. and Li, M. (2002) An empirical likelihood goodness{of{�t test for

time series,technical Report 2002-2,National University of Singapore,http://www.stat.n us.edu.sg/.

Chen, S. X., H•ardle, W. and Li, M. (2003) An empirical likelihood goodness{of{�t test for

time series.J. Roy. Statist. Soc. Ser. B., 65, 663-678.

Einmahl, J. H. J. and McKeague,I. W. (2003)Empirical likelihood basedhypothesistesting.

Bernoulli, 9, 267{290.

Eubank, R. L. and Hart, J. D. (1992)Testinggoodness-of-�t in regressionvia order selection.

Ann. Statist., 20, 1412{1425.

Eubank, R. L. and Spiegelman,C. H. (1990)Testing the goodnessof �t of a linear model via

nonparametric regressiontechniques.J. Amer. Statist. Assoc., 85, 387{392.

Fan, J. (1996), Test of signi�cance basedon wavelet thresholding and Neyman'struncation.

J. Amer. Statist. Assoc., 434, 674{688.

Fan, J. and Zhang,J. (2004). Sieved empirical likelihood ratio tests for nonparametric func-

tions. Ann. Statist., 29, 153{193.

Fan, J., Zhang, C. and Zhang, J. (2001). Generalizedlikelihood ratio statistics and Wilks

phenomenon.Ann. Statist., 29, 153{193.

Franke, J., Kreiss, J. P. and Mammen, E. (2002)Bootstrap of kernelsmoothing in nonlinear

23



time series.Bernoulli , 8, 1{38.

Gao, J. and King, M. L. (2003)Estimation and model speci�cation testing in nonparametric

andsemiparametricregression.Working paper availableat www.maths.uwa.edu.au/~jiti/jems.p df.

Gao, J., Tong, H. and Wol�, R. C. L. (2002). Model speci�cation tests in nonparametric

stochastic regressionmodels. Journal of Multivariate Analysis, 83, 324{359.

H•ardle, W. and Mammen, E. (1993)Comparing nonparametricversusparametric regression

�ts. Ann. Statist., 21, 1926{1947.

Hart, J. (1997)Nonparametric Smoothing and Lack-of-Fit Tests. Springer,New York.

Hjellvik, V. andTj�stheim, D. (1995)Nonparametrictestsof linearity for time series.Biometrika,

82, 351{368.

Hjellvik, V., Yao, Q. and Tj�stheim, D. (1998) Linearity testing using local polynomial ap-

proximation. Journal of Statistical Planning and Inference, 68, 295{321.

Hong, Y., White, H. (1995) Consistent speci�cation testing via nonparametricseriesregres-

sion. Econometrica, 63, 1133{1159.

Horowitz, J. L., and H•ardle, W. (1994)Testing a parametric model againsta semiparametric

alternative. Econometric Theory, 10, 821{848.

Horowitz, J. L. and Spokoiny, V. G. (2001) An adaptive, rate{optimal test of a parametric

mean{regressionmodel against a nonparametricalternative. Econometrica, 69, 599{632.

Ingster, Yu. I. and Suslina,I. A. (2003)NonparametricGoodness-of-FitTestingUnder Guas-

sian Models," Lecture Notes in Statistics, 169. Springer,New York.

Li, G. (2003) Nonparametric likelihood ratio goodness-of-�t tests for survival data. Journal

of Multiv ariate Analysis, 86, 166{182.

Li, G. and Van Keilegom, I. (2002). Likelihood ratio con�dence bands in nonparametric

regressionwith censoreddata. Scand. J. Statist., 29, 547-562.

Li, Q. (1999). Consistent model speci�cation tests for time serieseconometricmodels. Jour-

nal of Econometrics, 92, 101{147.

Li, Q., and Wang, S. (1998) A simple consistent bootstrap tests for a parametric regression

functional form. Journal of Econometrics, 87, 145{165.

Owen, A. (1988). Empirical likelihood ratio con�dence intervals for a single functional.

Biometrika, 75, 237{249.

24



Owen, A. (1990)Empirical likelihood ratio con�dence regions,Ann. Statist. 18, 90{120.

Robinson, P. (1989). Hypothesis testing in semiparametricand nonparametric models for

econometrictime series.Reviewof Economic Studies, 56, 511{534.

Sperlich, S., Tj�stheim, D. and Yang, L. (2002) Nonparametric estimation and testing of

interaction in additive models. Econometric Theory, 18, 197{251.

Spokoiny, V. G. (1996)Adaptive hypothesistesting using wavelets. Ann. Statist., 24, 2477{

2498.

Tripathi, G., and Y. Kitam ura (2003)On testing conditional moment restrictions: the canon-

ical case.Ann. Statist. (to appear).

Wang, L. and Van Keilegom,I. (2005)Nonparametric test for the form of parametric regres-

sion with time serieserrors. Working paper.

Zhang, C. and Dette, H. (2003). A power comparisonbetween nonparametric regression

tests. Statist. Probab. Lett., 66, 289{301.

25



TABLE 1

SIMULATION RESULTS ON MODEL (4.1)

Probabilit y of Rejecting Null Hypothesis

Andrews' H•ardle-Mammen Horowitz-Spokoiny EL
Distribution � � Test Test Test Test

Null HypothesisIs True
Normal 0.057 0.060 0.066 0.053
Mixture 0.053 0.053 0.054 0.05

Extreme Value 0.063 0.057 0.055 0.057

Null HypothesisIs False
Normal 1.0 0.680 0.752 0.792 0.90
Mixture 1.0 0.692 0.736 0.796 0.898

Extreme Value 1.0 0.600 0.760 0.820 0.924

Normal 0.25 0.536 0.770 0.924 0.929
Mixture 0.25 0.592 0.704 0.932 0.919

Extreme Value 0.25 0.604 0.696 0.968 0.989

TABLE 2

SIMULATION RESULTS ON MODEL (4.2)

Horowitz-Spokoint Test EL Test
Cn n = 300 n = 500 n = 300 n = 500

Null Hypothesis 0 0.054 0.052 0.064 0.049
Alternativ e Hypothesis 0:03 0.064 0.060 0.18 0.252
Alternativ e Hypothesis 0:04 0.056 0.068 0.306 0.412
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