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1. Intro duction

Considera time seriesheteroscedasticy regressionrmodel of the form
Yr=m(X)+ (X)e; t=1,2:::;n (1.2)

whereboth m() and () are unknown functions de ned over RY, the data f (X;; Y;)gl., are
weakly dependert stationary time series,and e, is an error processwith zeromeanand unit
variance. Supposethat fm ()j 2 gisafamily of parametric speci cation to the regression
function m(x) where 2 RY is an unknown parameter belongingto a parameter space .
This paper considerstesting the validity of the parametric speci cation of m (x) againsta
seriesof local alternatives,that is to test

Ho: m(x) = m (x) versusH; : m(x) = m (x) + C, n(x) for all x 2 S; (1.2)

where C, is a non-random sequencetending to zeroasn ! 1, ,(x) is a sequenceof
functionsin RY and S is a compactsetin RY. Both C, and ,(x) characterizethe departure
of the local alternative family of regressiommodelsfrom the parametricfamily fm ()j 2 g.

Nonparametric kernel estimation of the conditional mean function is well studied for
both independert and dependernt obsenations as documerted in Fan and Gijbels (1996)
and Fan and Yao (2003). Goodness-of- t tests for a parametric conditional mean model by
formulating certain distance measurebetweenthe parametric model and its correspnding
kernel estimator has beenproposedin the literature; for instancethe works of Eubank and
Spiegelman(1990), Hardle and Mammen (1993), Hjellvik and Tj stheim (1995),Hart (1997),
Hjellvik, Yao and Tj stheim (1998). Fan and Zhang (2003) propose separatetests for the
conditional mean and the variance of a di usion model. Zhang and Dette (2003) compare
the power of three kernel basedtests. Wang and Van Keilegom (2005) proposea test based
on the idea of ANOVA with large number of factor levelsfor dependert obsenations. Other
related referencesnclude Robinson (1989), Andrews (1997), An and Cheng(1991), Eubank
and Hart (1992), Horowitz and Hardle (1994), Hong and White (1995), Li and Wang (1998),
Li (1999), Gao, Tong and Wol (2002), Sperlich, Tj stheim and Yang (2002) and Gao and
King (2003).

The main focus of the paper is on formulating a test that is able to di erentiate be-
tweenHy and H; with a smallestC,, possiblefor dependernt obsenations. A key feature of
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the proposedtest is that the test statistic is an empirical likelihood (EL) of the hypothesed
parametric model given obsenations. The EL (Owen, 1988,1990)is a technique that allows
construction of nonparametriclik elihood for a parameterof interest. Despitethat it is intrin-

sically nonparametric, it possessebno important properties of a parametric likelihood: the

Wilks' theoremand the Bartlett correction. For survival data, Li and Van Keilegom (2002)
construct nonparametriclikelihood ratio con dence bandsfor censoreddata. Li (2003) con-
sider a goodness-of- t test for a parametric speci cation of the distribution function which

is more e cien t in Bahadur sensehan any weighted Kolmogoro/{Smirnov test at any alter-

native. Einmahl and McKeague(2003) proposean EL goodness-ofi testsfor a distribution

function and other distributional characteristics. Fan and Zhang (2004) proposea siewe EL

test for testing a generalvarying-cce cien t regressionmodel that extendsthe generalized
likelihood ratio test of Fan, Zhang and Zhang (2001). They demonstratethat the "Wilks

phenomenon’'continuesto hold under generalassumptionson the error distribution. Tri-

pathi and Kitam ura (2003) proposean EL test for conditional momert restrictions. Both of
theseworks are establishedfor independen data. For testing the conditional meanfunction

with dependert data, Chen, Hardle and Li (2003) dewelopan EL test by simulating a known

Gaussianrandom eld.

Another feature of our proposalis that the nal test statistic is formulated by maximizing
the EL statistics over a set of bandwidths. This is aimed at achieving the optimal rate of
convergencefor C,,, which de nes the gap betweenthe null and alternative hypothesesin
(1.2). The existing goodness-of- t tests for a parametric model basedon a kernel estimator
with a xed bandwidth h, for instancethe tests givenin Hardle and Mammen (1993), require
that the smallestorder for C, is of ordern *=?h 9*in order for the test to be consisten. This
is larger than n 172, which is the rate achieved by testsfor a nite dimensionalparameterin
a standard parametric setting and by tests basedon the empirical distribution function of the
estimatedresidualsin the caseof ,(x) ( x) for all n. For testing parametric conditional
meanmodels,Horowitz and Spokoiny (2001) proposean adaptive test that combinesa version
of the Hardle{Mammen test statistics over a set of bandwidths. The test is adaptive against
the unknown smaothnessof the local alternative hypothesisand is able to achievethe optimal
order for Cy, in the minimax senseof Spokoiny (1996), and Ingster and Suslina (2003). A



similar ideais alsogivenin Fan (1996). In this paper, we extendthe proposalof Horowitz and
Spokoiny (2001) for the proposedtest basedon the EL with weakly dependert obsenations.
Comparingwith testsbasedona xed bandwidth, a test basedon a setof bandwidths will be
lessdependert on a particular choiceof bandwidth and hencewill make the test more robust
against the choice of smaothing bandwidths. To accurately approximate the distribution
of the adaptive test statistic, a bootstrap procedureis usedto pro le the critical value of
the test. This combination of the EL and bootstrap utilizes the good features of the EL
for the construction of test statistics and the e ectivenessof the bootstrap in distribution
appraximation.

The rest of this paper is organizedasfollows. Section2 outlinesthe EL formulation of the
test statistic. The main results regardingthe adaptive EL test and its rate-optimal property
are given in Section 3. Section 4 preserns simulation results. All the technical proofs are
provided in the appendix.

2. Adaptiv e Empirical Lik eliho od Test Statistics

Lik e existing kernel basedgoodness-of- t tests, our test is basedon a kernel estimator of the
conditional mean function m(x). Let K be a r-th order d-dimensionalkernel and h be a
smoothing bandwidth. Let K,(u) = h 9K (u=h). The Nadaraya-Watson (NW) estimator of
m(x) is P
n
Kn(x XY,

m(x) = —P=L :
) ey Kn(x  X§)

Let ~be a consistert estimator of under Hy. Like Hardle and Mammen (1993), let

P n
t=p Kh(x  X¢)m-(Xy)

m-(X) =

be a kernelsmooth of the parametric model m (x) with the samekerneland bandwidth asin
m(x). This is designedto avoid the bias of the kernel estimator getting into the asymptotic
distribution of the test statistic.

Let Qi(X) = Kn(x X)fYy m<(x)g. At an arbitrary x 2 S, let p/(x) be a sequenceof
nonnegatiwe real functions represemting weights allocated to eat (X¢;Y;). The EL for m(x)



evaluated at the smoothed parametric model m -(x) is

A4
Lfm-(x)g= max  p(X) (2.2)

t=1
P P
subjectto [, p(x) = 1and [, p(X)Qi(x) = 0. A standard derivation shaws that the
optimal weights are

PO = 11+ (OQ)G 22)

where (x) is the solution of
X0
Qt(x)
— =0 2.3
L1+ (00 (23

As the EL is maximizedat p(x) = n !, the log-EL ratio is
fm-(x)g= 2log[Lfm(x)gn"]:

The EL test statistic at a given bandwidth h is
Z

‘(mh) = fm(x)g (x)dx; (2.4)

where () is a non-negative weight function supported on the compactsetS R¢.

Let R(K) = K?(x)dx, v(x) = R(K) ?(x)f %(x) and
v v
C(K: )= 2R 4(K) 2(x)dx K®@(x) *dx; (2.5)

whereK @ is the corvolution of K. Chen, Hardle and Li (2003) shav that asn! 1
Z

h %2 “(msh) 1 h%2 v ¥2(x) 2(x) (x)dx !°

N (0; C(K; )): (2.6)
They proposeda single bandwidth basedEL test basedon critical valuesobtained by simu-
lating a Gaussianrandom eld.

Like all nonparametric kernel goodness-of-testdbasedon a single bandwidth, the test is
consisten only if C, is at the orderof n *?h 9 or larger, indicating that C,, hasto corverge
to zeromore slowly than n 2. To reducethe order of C, to smallestpossible,we employ
the adaptive test procedure of Horowitz and Spokoiny (2001) for the EL test statistics as
follows. Let

Hyo= h=hmd: h hmn k=012, (2.7)



be a setof bandwidths,where0 < a< 1,J, = 10g;-,(Nmax=hmin ) is the number of bandwidths,
Nmax = Cmax (loglog(n)) 7 and Amin = Cminn  for0< < % and somepositive constaris
1 < Cmin;Cmax < 1 . The choice of hpay is vital in reducing C, to almost n % rate
in the caseof () ( ). In view of the fact that Ef (m- h)g = 1 under Hy and
varf *(m-;h)g = C(K; )h" asgiven in (2.5) the adaptive EL test statistic is proposedas
follows: ]

Lo = maxpo = (2.8)

Here the variancecoe cient C(K; ) of "(m-; h) is completely known upon given the kernel
K and the weight function , which is due to EL's ability to studertize internally.
Letl O< < 1)bethel quartile of the nite sampledistribution of L,, where

is the signi cance level of the test. We propose the following bootstrap procedure to
appraximate | :

1. Foreahh t = 1,2;:::5n, let Y, = m-(Xi) + n(Xi)e, where ,() is a consister
estimator of (), feg is independent of f Xsg for all s 1, and sampledrandomly
from a speci ed distribution with E[g,] = 0, E[e?]= LandE jej* < 1 for some

> 0. Dene |l to bethel quartile of the distribution of L, with fY;g replaced
by Y, g.

2. Let " bethe estimateof basedon the resamplef (Xt;Y; )orL, . Compute the statistic
L, by replacingY; and ~with Y, and " accordingto (2.8).

3. Estimate | by the 1 quartile of the empirical distribution of L,, which can be
obtained by repeating steps1{2 many times.

It shouldbe notedthat fY, g may be generatedrecursively by Y, = m(Y, )+ (Y, ))&

when f Y,g of (1.1) satis es a nonparametric autoregressie model. The estimator 2() can
be the following kernel estimator

P
2(x) = =1 lﬂ:&)(x X)f Y m(x)g
" ?:1 Kb(x Xt)

(2.9)

with a bandwidth b satisfying nhy,i,t# ! 1 asn ! 1 . The proposedadaptive EL test
rejectsHo if L, > | .



There are two di erent approatieswe could use for generatingf e, g for the bootstrap.
The rst is the oneusedin Horowitz and Spokoiny (2001) which generatesndependert and
identically distributed e, from N(0;1). The secondapproad is the regressionbootstrap
proposedby Franke, Kreiss and Mammen (2002), where the generationof f e, g dependson
(X1;  ;X7). The regressionbootstrap is more sophisticated and works for more general
purposes.We usein this paper the rst approad in conjuction with an estimator of ?() as
it is simpler and su cien t for the task of this paper.

3. Main Results

The following are assumptionsneededin establishingthe asymptotic results.

Assumption 3.1. (i) The processf(Xy;Y;)g is strictly stationary and -mixing with the
mixing coe cient  (t) = supfjP(A\ B) P(A)P(B)j:A2 5;B2 Ll.gforalls;t 1,
whele ‘, denotethe - elds geneated by f(Xs;Ys) ;i s jg. There exist constantsa > 0
and 2 [0;1) suchthat (t) a‘'fort 1.
(i) Forallt 1, E[ej ¢ 1]= OandE[€} 1] = 1, whee . are -elds geneated by
f(Xss1;Ys):1 s to. h i
(i) Let =Y, m(X;). There eF>)<istsa constant > OsuchthatE 2 | t
1,wheel | 40 i 4and i 8.
Assumption 3.2. (i) Letf be the density of X, g be a compact subsstof RY, (x) =
ws (s)ds  C
for someconstant C; f (x) and ;(x) for i = 2 or 4 are Lipschitz continuousin S, and the

E[{iX = x] and be a weight function suchthat . (s)ds = 1 and

rst two derivativesof f (x), m(x) and ,(x) are continuouson S, infy,s (xX) Co> 0and
infyosf(X) Cyp> 0 for constantsCy and C;.

(i) Letf .., . () bethe joint protability density of (X1+ ;:::; X2 ) (2 | 4.
Assumethat eachf . ,. . () existsand is Lipschitz continuousin S' for | = 1, ;4.

(i) K(Xxg; :Xq) = id=1 k(xi), where k() is a r-th order ulgivariate kerr?_\c)al which is
symmetric, Lipschitz contirllquousand supmrtedon[ 1;1]satisfying k(t)dt= 1; t'k(t)dt=
Oforl=1, ;r land t"k(t)dt= k, 6 Ofor a positive integerr > d=2.

Dene5'm (x) = % whene\er thesederivativesexist. Forany g qmatrix D, de ne

o P P
jiDjj1 = sup,zra ”j?\,;” wherejiBjjz = jq=1 h% foraqg gmatrix B = ()1 ij o
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Assumption 3.3. (i) The parameterset is an open subsetof R% for someq 1. For each
X 2 S, m (x) is three times di er entiablewith resgct to 2 . There exist constants 0 <
C;;C,< 1 suchthatE [sup, jm (X1)j4 C; and max, ; sE sup, jj5'm (Xy)ji3
C,. Foreach 2 , rlg (x) is continuous with resggctto x 2 S. Thereis a nite C, > 0 such
that for every" > 0, . inf .o g «[m(x) mox)*f(x)dx C/"%

(i) LetHqg betrue. Then o2 andlimy; P pﬁjj~ o > Cy <"forany" >0
and someC,; > 0.

(i) LetH, kefalse. Thenthereisa 2  suchthatlimny P “hj~  ji> Ca <"
for any " > 0 and someC;,_> 0.

(iv) The setH, hasthe structure of (2.7) with hpax > hmin = O(n ) for someconstant
0< < & andhma = Ch(loglog(n)) @ for a constant Cy, > 0.

Assumptions 3.1 and 3.2 are standard conditions in this kind of problem. Assumption
3.2(i) correspndsto Assumption 5 of Horowitz and Spokoiny (2001). Assumption 3.2(iii)
plays a role similar to Assumption 4 of Horowitz and Spokoiny (2001). Assumption 3.3
correspnds to Assumptions 1{2 and 6 of Horowitz and Spokoiny (2001). Assumption 3.3
(iv) requiresthe smallest bandwidth hpi, = O(n ) where0 < < % To include the
optimal order n @27 for estimating m(x) in the rangeof H,,, we needto haver > d which
is somethingfurther than requiring r > % as assumedin Assumption 3.2 (ii). This implies
that higher order kernelsare neededwhend 2. However, for the purposeof establishing

the results reported below, it is not essetial to have the order n @27 covered by H,.
The following theorem shows that the EL test hasa correct sizeasymptotically.

Theorem 3.1. Supmwse Assumptions3.1, 3.2 and 3.3(i)(ii))(iv) hold. Then under Ho,
lim P(L,>1)=:
nll

To establishthe power properties of the adaptive EL test, let de ne the distancebetween
m and the parametric family M as
Z 1=2
(m;M) = igf [m (x)  m(x)]*f (x)dx ; (3.1)
2S

X

The consistencyof the test againsta xed alternative is establishedin Theorem 3.2 below.
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Theorem 3.2. Assumethat Assumptions 3.1, 3.2 and 3.3(i)(iii))(iv) hold. If there is a
C > Osuchthat (m;M) C forn ng with somelargeng, then

lim P(L,>1)=1
nll
We then considerthe consistencyof the EL test against special from of H, of the form
m(x) = m (x) + C, ( X) (3.2)

whereC,! Oasn! 1, 2 andfor positiveand nite constarts D;;D, and D3,
Z

0< D; 2x)f (x)dx Dy<1 and (Mm;M) D3Cy: (3.3)
x2S

Theorem 3.3. AssumeAssumptions3.1, 3.2 and 3.3(i)(iii). Let Assumption 3.3(iv) hold
with hnax = Cr(loglog(n)) ¢ for some nite constantCy. Letm satisfy (3.2) and (3.3) with
Cn Cn ¥ loglog(n) for someconstant C > 0. Then

lim P(L,>1 )= 1
n'l

To discussthe consistencyof the adaptive EL test over alternativesin a Helder smaothness

class, we introduce the following notation. Let ] = (j1;:::;]q) Wherejqi;:::;]jq 0 are
@im(x)
@t @

jiD!m(x)j). The smoothnessclassthat we consider

wheneer the derivative exists. De ne

P .
integers,jjj = ., js and Dim(x) =
the Helder norm jjmjju;s = SUB,s 5
consistof functionsm 2 S(H;s) fm:jjmjjy.s Cug for someunknown sandCy < 1.
Fors max(2,d=) andall suciently largeD,, < 1 , de ne

p 2s=(4s+d)
Byn= mM2S(H;s): (mM) Dmn n?! loglog(n) . (3.4)
Theorem 3.4. Assumethat Assumptions3.1{3.3 all hold. Let m satisfy (1.2) under H; and
(3.4). Thenfor 0< < 1landBy., denedin (3.4),
im inf P(Lp>1)=1

nll1 m2Byn

Theorem 3.1 shaws that the test attains the nominal level asymptotically. Theorem

3.2 establishesthat the adaptive EL test is consisten againsta family of xed alternatives.
: : P

Theorem 3.3 shaws that the proposedtest is consisten for C, Cn 2" loglog(n), which
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is a substartial improvemert over the xed bandwidth basedtests and achievesalmost the
corvertional rate n 12,

The conclusionof Theorem 3.4 shows that L, is uniformly consistert over alternatives
within the Helder classof smaoth functions whosedistancefrom the parametric courterparts
approades zero at the rate of n P loglog(n) Zs=(4s+d), which is the fastest possiblein
the minimax senseof Ingster and Suslina (2003), and Spokoiny (1996). The most striking
property of Theorem 3.4 is that it achievesthe best rate of corvergencefor C, without
knowing s, the degreeof smaothness. This is the reasonbehind the term \adaptive and
rate-optimal” by Horowitz and Spokoiny (2001) when describing their test. We shaw that

the sameproperty holds for the proposedEL test with weakly dependent obsenations.
4. Simulation results

We carried out two simulation studies which were designedto evaluate the empirical per-
formance of the proposed adaptive EL test. In the rst simulation study, we conducted
simulation for the following regressionrmodel usedin Horowitz and Spokoiny (2001):

Yi= ot Xi+(5=) (Xi=)+ i (4.1)

wherethe f ; : i 1g are independert and identically distributed from three distributions
with zeromeanand constart variance,f X ;g are univariate designpoints to be sampledfrom
N (0; 25) distribution truncated at its 5th and 95th perceniles, = ( o; 1) = (L1;1) is
chosenasthe true vector of parametersand is the standard normal density function.
The null hypothesisHp : m(x) = o+ 1X species a linear regressioncorresmpnding to
= 0, whereasthe alternative hypothesisH; : m(x) = o+ x+ (5=) (x=) for = 1.0
and 0:5. Readersshouldreferto Horowitz and Spokoiny (2001)for details on the designsX;,
the three distributions of ; and other aspects of the simulation. We usedthe samenumber
of simulation, the bootstrap resamplesand estimation proceduresfor asin Horowitz and
Spokoiny (2001). We also employed the samekernel, the samebandwidth setH,,, the same
estimator 2 and the distribution for fe g in the Monte Carlo simulation procedureas in
Horowitz and Spokoiny (2001). Like Horowitz and Spokoiny, the nominal sizeof the test was
5%.
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Table 1 summariesthe performanceof the adaptive EL test by adding one column to
Table 1 of Horowitz and Spokoiny (2001). Our results shav that the proposedadaptive EL
test hasslightly better power than the adaptive test of Horowitz and Spokoiny (2001), while
the sizesare similar to those of Horowitz and Spokoiny (2001). This may not be surprising
as the two tests are equivalert in the rst order. The di erences betweenthe two tests are
(i) the EL test statistic carries out the studertizing implicitly and (ii) certain higher order
featureslik e the skewnessand kurtosis are re ected in the EL statistic. Thesemight be the
underlying causefor the slightly better power obsened for the EL test.

The secondsimulation study was conducted on an ARCH type time seriesregression
model of the form:

q
Y, = 0:25+ 0:5Y; 1+ Cocos(8; 1)+ 025 Y2, +1e; (4.2)

wherethe innovation f e,g.; waschosento be independer and identically distributed N (0O; 1)
random variables. The samplesizesconsideredin the simulation weren = 300and n = 500.
The vector of parameters = (; ; 2) wasestimated usingthe pseudo-maxinum lik elihood
method, which is commonlyusedin the estimation of ARCH models. In the implemertation,
f e g was sampledas a sequenceof independert and identically normal distributed random
errors from N (0; 1) and the estimator 2(x) was used as given in (2.9). Both the tests of
Horowitz and Spokoiny (2001) and the proposedtest are evaluated. Although Horowitz and
Spokoiny's test was originally proposedfor independert obsenations, a justi cation for its
usewith dependert obsenations is implicitly cortained in this paper.

We chosethe bandwidth set H, = f0:3;0:332 0:36% 0:407 0:453 with a = 0:903 for
n = 300and H, = f0:250:281 0:316 0:356 0:4g with a = 0:889 for n = 500. Both the
power and the size of the adaptive test are reported in Table 2. We found that both tests
had good appraximation to the nominal signi cance level of 5%, which con rms Theorem
3.1 and the quality of the simulation calibration to the distribution of the two adaptive test
statistics. Howewer, the power of Horowitz and Spokoiny's test was rather subdued for the
situations considered.As expectedwhenC, wasincreasedthe power of the proposedtest was
increased;and for a xed level of C,, the power increasedwhen n wasincreased.The latter
was becausethe distancebetweenHy and H; becamelarger when n was increasedalthough
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C, was kept the same. This better power performanceof the proposedtest was possibility
due to the internal studertization of the EL which enhanceghe power of the proposedtest.

App endix

As the Lagrangemultiplier (x) is implicitly dependert on h, we rst establishthe con-
vergencerate for sup,,s (x) uniformly over the bandwidth setH.

Lemma A.1. Under Assumptions3.1, 3.2 and 3.3, as n su ciently large

maxsup (x) = g,fn log(n)g:

h2H yosg
Pro of: Forany > 0
— _— X — _—
P maxsuph®™ (x) n *log(n) P suph®™ (x) n *log(n)
h2H n 25 h2H . x2S

As the number of bandwidths in H, is only of order log(n), by cheding the proof of
Lemmal of Chen, Hardle and Li (2002),it canbe shavn that log(n) canbe readily squeezed

in front of the probabilities involved to achieve that
|

« !
log(n)P h%2 (x) n Plog(n) ! 0O
x2S

asn! 1. This impliesthat, asn! 1,

P maxsuph®™ (x) n ¥login) ! 0 (A.1)
h2Hn x23

and hencemaxnzp , SUR»s h%2 (x) = gf n ¥2log(n)g. Then the lemmais establishedby
noting that the smallestbandwidth hp, = O(n ) where3d < 1asassumedn Assumption
3.3(iv).

In view of (2.6) of Chen, Hardle and Li (2003),usingLemmaA.1 we may show that
Z

maxh <2 “(msh) nh? UZx; )V H(x) (x)dx = op(L); (A.2)

where
X X

x
Ui(x;) = (nh%) ' K -

t=1

fY:  m(x)g
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and v(x) = R(K)f (x) 2(x).
Let Wi (X) = 2K XXt ay = nhd

;s Ws(X)Wi(X)v 1(x) (x)dx,and ()= (Xi; )=

nhd h X
m(X;) m (X;). Dene
X X
“on(h) = ast st and Qn( )= Qn( ;h) = ast s( ) t(): (A.3)

Then the leadingterm in ", (m-; h) is
Z
“n(h; ) nh® UEOG IV H(X) ()dx = Ton(h) + Qu() + (D) (A.4)

where (D) = "1(h;Y)  “on(h)  Qn(") is the remainderterm.

R R
Without lossof generality, weassumehat C(K: )= 2R 2(K) K@ (x) dx  2(y)dy=
“(moh) 1

1. In view of the de nition of L, = maXnzy, —5=— and (A.4), de ne
‘m(h) 1 () 1 a(h; ) 1
Lon(h) = % Lin(h) = “‘T and Lon(h) = “‘T (A.5)
where = o whenHyistrue and is asde ned in Assumption 3.3(iii) when Hy is false.

Let Ly, (h) andL,,(h) bethe respective versionsof L on(h) and L 1,(h) de ned above basedon
the bootstrap resamplef (Xi; Y, )g. LemmasA.2{A.7 below are usedin the proof of Theorem
3.1to justify the appraximation of | by | involvedin the simulation procedure. Lemmas
A.8{A.10 are mainly employedin the proofs of Theorems3.2{3.4.

Lemma A.2. Supmsethat Assumptions3.1, 3.2 and 3.3(i) hold

() For every > 0, wehavethat maxn, sup ,; = C 2 holdsin prokability,
where C > 0 is a constant

(i) For each 2  and suciently largen, we havethat C:h® () ()  Qn()
C,h?® () () holdsin prokability, whee ()= ( «(); ; () and0< C; C,<1
are constants
Pro of: (i) It follows from the de nition of Q,( ) that Q,( ) jjAijj1ji ( )ji?. Let A bethe
matrix of n  n with fagg asits s t elemen. In orderto prove LemmaA.2(i), oneneedsto
shov that jjAjj;  ChY holdsin probability for someconstart C > 0. Let g(x) = v (x) (x).
We now have .

jiAjis 1mtaxnxn ay = C(l+o(l)max K > Xe g00f (x)dx

s=1
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Z
= C(1+ o(1)h max (f (X() q(X1)) K (u)du Ch? (A.6)

using the fact that

z z K X Xs «
ag = nh? Wg(x)Wy(x)q(x)dx=  P— Khx X f(x)K h ! g(x)dx
7  x ‘. u;l Xt h
= (1+0(1) P " K 1 % K P q(x)f (x)dx:

In order to prove Lemma A.2(i), it suces to shov that sug, ; jj ()jj? Cn?
holds in probability. A Taylor seriesexpansionto m (X;) m ,(X;) and an application of
Assumption 3.3(i) nish the proof of LemmaA.2(i).

(i). Let min(A) and nax(A) denotethe smallestand largest eigervaluesof A, respec-
tively. In view of min(A) ji ()ii> Qn()  max(A)ji ()ii% in orderto prove Lemma
A.2(ii), it su ces to show that for n large enough, min(A) Cih%(1+ 0,(1)) holdsin prob-
ability. Sud a proof follows similarly from the proof of LemmaA.2 of Gao, Tong and Wol
(2002).

For simplicity, in the following lemmasand their proofs,weletq= 1. For1 | 3,

dene ;(Xi; )=mP(X,) = Lo,
Lemma A.3. (i) Under Assumptions3.1, 3.2 and 3.3(i), we havefor any given 2

X0
Jn1=2££1|31xh d=2 as s 1(Xt; ) = Op(); (A.7)
n s=1 t=1

(i) Under Assumptions3.1 and 3.2, we haveasn! 1

X
1=2 d=2 — .
J, Erzlﬁ)n(h max B ast s = Op(1): (A.8)

Pro of: (i) It suces to show that for any large constart Cy > 0

mn #

B B xn
P J, ¥ maxh %2 ast s 1(Xi; ) > Co
h2H n s=1 t=1
X ) xXooxn #
) 1=2pd=2

P aSt S l(Xta ) > COJn

h2H n s=1 t=1

14



n #2

X 1 XX )
———E ast s 1(X¢;
h2H , Canhd s=1 t=1
L e s s 1(Xe ) ())
E [a Xi: + :
2 st s 1 ty 1n ’
h2H COJ”hd s=1 t=1
P P PP
where 1,()=E[ 0, Tiaxs X ) 0o, L Elass 1(Xe )%
A direct calculation shavs that asn! 1
XX 5
Elast s 1(Xt; ) = (A.9)
s=1 t=1
Z Z Xy v x
a(x)a(y)K @ e K @ T 2(x) 2(y; ) (x; y)dxdy = C( )h%(1+ o(1))

for somefunction C( ).

Similarly to (B.4) of Gao and King (2003), we may shav that asn! 1 ,

() = o(h?): (A.10)

Therefore,the proof of (A.7) is completed.

(i) The proof of (ii) is similar to that of Lemma A.3(i).

Lemma A.4. Under Assumptions3.1, 3.2 and 3.3(i)(ii)), we havefor eachu > 0 and under

Ho,
XX

max sup h 92 as s t() = Op J¥2n =2 (A.11)
h2H p . 1=2
| o] n u s=1 t=1

Pro of: Usinga Taylor seriesexpansionto m (X;) m ,(X;) and Assumption 3.3(i), we have
for °between and |

Xooxn xXooxo
gt s t( ) = Agt s[m (Xt) m o(Xt)]
s=1 t=1 s=1 t=1
1 XX
ast s 1(Xt; o) J o+ 3 ast s 2(Xt; o) j 0
s=1 t=1 s=1 t=1
1 XX _ L, XX : :
+ 6 ast s 3(Xy; %J 0]3 ast s 1(Xt; o) J ol
s=1 t=1 s=1 t=1

15



1 X xn

+ EJ sz ast s 2(X¢; o)
s=1 t=1
1. 4 X . .
g s s maxj a(Xe 9 (A.12)
=1 t n

Hence,(A.7), (A.8), (A.12) and Assumption 3.3(i) imply

d=2 XX 1=2 1=2 .
max sup h ast s t( ) O, J,n : (A.13)
h2H " 1=2
I} o] n u s=1 t=1

The proof of (A.11) follows from (A.12) and (A.13).
Lemma A.5. Under Assumptions3.1, 3.2 and 3.3(i)(iii) hold. Then under H,, for every
u>0 anyqg,! 1 andsomeh2 H,
XX oo
sup ast s (Xi; ) = 0p(hh™™): (A.14)
i ion Py g

Pro of: The rest of the proof follows similarly from that of (A.13) usinglim,; ¢, =1 .

Lemma A.6. Supmsethat Assumptions3.1{3.3 hold. Thenasn! 1

max L (h) maxLin(h) + 0p(1) = maxLan(h) + op(1);

maxLoy(h) + 5(L);

maxL ,(h)

and maXnzn , L1n(h) = MaXnon , Lon(h) + 0y(1) under Ho.
Pro of: The proof follows from (A.3), (A.4), (A.5) and LemmasA.3{A.5.

Lemma A.7. Supmse Assumptions 3.1{3.3 hold. Then the asymptotic distributions of
MaXn2on , Lan(h) and maxazn , Lo, (h) are identical under Ho.

Pro of: In view of Lemma A.6, in order to prove LemmaA.7, it suces to show that the
distributions of maxnzn , Lon(h) and maxazn , Lo, (h) are asymptotically the same. Similarly

to the proof of LemmaA.2, we can show that
! !

X X
Egg)ﬂ(h d=2 ass 2 1 = 0(1) and mgfh d=2 ass & 1 =0(1): (A15)
s=1 s=1

16



) P P
Thus, it suces to shov that maXnoH, g ast s t and MaXpon, ¢ st s ¢ have the
sameasymptotic distribution. Forh 2 H,, letu; =  or , and de ne
" #

X
Bhn(Us;:::;uy) = h 92 astUsUy (A.16)
s6t

(h2 Hy). Let G() = G, () bea3{times cortin uouslydi erentiable function over R’ . De ne

@G(v)
Cn(G) = ma — 7
"(G)= S B3, @@ 0

Like Horowitz and Spokoiny (2001),there are two stepsin the proof of LemmaA.3. First,

we warnt to show that
1=2

I

3d
nh1min

JEIG(Bn( ;2255 n))] EIG(Ba( 15::5 DI CoCa(G) (A.17)

for any 3{times di erentiable G( ), some nite constart Cy, and all su cien tly largen. Then
sameasymptotic distribution.

Throughout the rest of the proof, we replaceag in (A.16) with &g (h) = h 92ag. Note
that

JEIGBn( 15 n))] E[GBn( 1520 p) (A.18)
X
E GBn( 1;::%5 6 was 5 n) E[GBa( 1 v 1y i o s
t=1
whereBn( 1;:::5 ni ne1) = Bn( 1355 n)andBn( o5 150055 ) = Ba( 15:i05 p)-

We now derive an upper bound on the last term of the sum on the right{hand side of
(A.18). Similar boundscanbe derivedfor the otherterms. Let U, 1, , and 7y, respectively,
denotethe vectorsthat are obtained by stadking

X1 X1 X1 X1
Unn = ast(h) s ts hn = 2 n asn(h) s hn =2, asn(h) s-
s=1 t=1;6s s=1 s=1
Using a Taylor expansionto the last term of the sum on the right{hand side of (A.18)
about , = , = Ogives
h [
JE[G(Bn( 1;:i55 )] E[GBn( 15055 n 15 o) E GYUn )( 0 ™)
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h [

1 C.(G) " ) h o
+§ E nGOYUn 1) n ~nGOYUn 1)"n F n(G)

5 E i aii® +E i

where G° and G®denotethe gradiert and matrix of secondderivativesof G and C,(G) is a

positive and nite constart.

Since
E[n ni]=E nj =0 and E ﬁjnle n2=]_;
we have h i h i
E n ~njn1=0andE n n ~n~njn1=0:
This implies
. BN () L h o
JEIGBn( 1;:::5 n)] E[GBn( 15::55 n 13 o) é ) e i nii® +E i (A.19)

To estimate the upper bound of (A.19), we needthe following result:

Z
stKxXt

1
Ast n—fkd K h h C](X) dx
1

(A.20)

Xs Xt
h

Xs X 1
~ KK u+ sh ! o(Xs + uh)du= —L,

' Xs
R
whereq(x) = v }(x) (x) andLa(x;y) = K (u)K (u+ x)q(y+ uh)du.
Using Assumptions 3.1{3.2 and (A.20), we have for n su cien tly large and the small

> 0Oinvolvedin Assumption 3.1(iii),

mn #
X X X ! X ! 2 2 2 2 4
E asn(hl)&tn(hZ) t (A-Zl)
h12H n ho2H q s=1 t=1;6s
X X 1 Xt X1 X X X; X
—rdnd E L3 = "%Xs L3 ——"5%x, 223

h12th22Hnnh125=l t=1:6s
X X 1 Xix! h i

224 l+c
C n4hdhd E stn
h12H n ha2H 172 s=1 t=165
X X 1 Jn 2
C — C _
2hdhd d '
nZh{hg nh{ i

h12H n h22H

where0< C < 1 is a constarn.
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Similarly to the proof of LemmaC.2 of Gao and King (2003),asn! 1

0 1
X X X I, 2
E@ ey (n)asn(ndan (ho) 30 fA = 0 —F— 1 (A22)

fbl;h22Hn 1 s6t n 1 1 1min
X X 2 2 4 Jn 2
EQ@ e (h)en(h)aun(ha) 2¢u A = 0 —F'—

hi:ha2H n 1 s6ts6utéu gn 1 N7 min
X X . I, 2
E &sn(N1) & (h1)aun (h2)an(h2) s t u v ; = 0 a ;

h1;h22H I’]hlmin

where the last expectation is takenunder 1< s;t;u;v. n 1ands;t; u;v are all di erent, using

the fact that for every givenx,

Xty X X
=Xy 1« =E Ly =

implied from Assumption A.1.

X .
E |_2 ,Xt E[t] tl] =0 (A23)

h

Equations (A.21) and (A.22) then imply that asn! 1
" #

X X X1 I, 2
E &sn(h1) s (h1) t8un(h2) vawn(hy) v :11 C Rl - (A.24)
hy2H n ha2H ¢ situv =1 NN min

Let A5, bethe vectorthat is obtained by stading asn(h) (h 2 H,). Equation (A.24) then
impliesthat asn! 1

2 8 2 93
E j njj3 = 84 Asn s n S 8> E4 asn(h) s n S S (A.25)
s=1 . h2H , s=1 ’
Cx x " xo #) 3=
= 8 E &sn (hl) s&in (hl) t&un (hZ) uavn(hz) v ﬁ
hi12H , ho2H s;ituyv =1
Jn 3:2.
nhc1imin
h i
A similar result holdsfor E jj ~njj® . Thus
- - P n
E i oi® +E j7j® 2€ 7 — (A.26)
n 1min

Step2: As demonstratedin Horowitz and Spokoiny (2001),
im P mnghn 1,0 ) X P mnghn i, X =0

n'l
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for any real x is equivalert to

Y ' Y
nIlilrn E | Ban( 1;::55 n)  X] E | Ban( 55255 ) X =0
' h2H , h2H ,

Following the lines of Horowitz and Spokoiny (2001) by utilizing the above established
bound (A.26) and using (A.18), it can be showvn that asn! 1

P maxBn,(1;::55 n) X P maxBp( 45::5; ) X
h2H n h2H n
J3 1=2
C —— o (A.27)
nh%crjnin

This implies (A.17) and nally completesthe proof of LemmaA.7.

Lemma A.8. Supmsethat AssumptionsA.1 and A.2 hold. Then for anyx 0, h2 H,
and all su ciently largen
2

PLon>x) exp

Pro of: Similarly to the proof of Corollary 1 of Chen, Hardle and Li (2003) that, for
any small > 0 there exists a large integer ng 1 such that for n no and x 0,
jP(Lon(h)  x)  (x)j < , where ( x) = 912= : e 7du. We therefore have for any
n ngandx O

Z
1 7Y e

P(Lon(h) > x) 1 (x)+ = 92: e zdu+

R ' . 1 41
= p: e 4e 4du+ e 4 p: e 4du+
2 ¥ 7 2 7
2151 : P340 3 .
e 7 p— e sdut+ =e Tp— e zdv+ = —e 7+
2 o 2 o 2
. Rl V2 1 . pE X2
usingp3- ; e zdv= 3. The proof followsby letting 0 < 1 - e «foranyx O.

ForO< < 1,deneTl to bethel quartile of maxpzn , Lon(h).

Lemma A.9. Supmsethat Assumption A.1 holds. Then for large enoughn

I Zp log(Jdn) log( ):
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Pro of: The proof is similar to that of Lemma 12 of Horowitz and Spokoiny (2001).

Lemma A.10. Supmsethat AssumptionsA.1 and A.2 hold. Supmsethat

lim P Qn( ) 2h%=2r =1 (A.28)
g P .
for someh 2 H,, whee " = max I'; 2log(J,)+ 2log(J,) . Thenlim,; P(L, >
)= 1.
Pro of: By (A.3), (A.4), (A.5) and LemmaA.6, L, canbe replacedwith maxyzn , L2n(h).
By LemmasA.6 and A.7, | canbereplacedby I". Thus,it su ces to show that

nI!|1m P(gg)ﬂ(LG(h) >M)=1,

which holds if limp;  P(Lzn(h) > ') = 1 for someh 2 H,. For any h 2 H,, using (A.3),
(A.4), (A.5) and LemmaA.2 againwe have

Lon(h) + h “2Qn( )+ h @2 () (A.29)
= Lon(h)+h “2Qn( )+ h %2 () + 05(D)
= Lop(h) + h “2Qn( )L+ 0y(1)) + 0p(1):

Lan(h)

Condition (A.28) impliesthat asn! 1
P Qun( )<2n®2r 1 o (A.30)
Obsene that

P(Lan(h)>T) = P Lon(h)>1;Qn( ) 2h®=2r

+ P La(h)>T;Qn( )< h%22r I 10 + lon:

Thus, it follows from (A.29) that asn! 1

P Lop(h)+h 92Qu( )+ h ™ ( )>TjQu( ) 2h*?r P Qu( ) 2h%?r

I1n

P Lop()+h “2Qu( )1+ 0y(1) > TjQn( ) 2h™T P Qu( ) 20T
P Lo,(h)>T 2MjQn( ) 2h%*2r P Qu( ) 2h%™%r 1 1
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becausd._,(h) is asymptotically normal and thereforeboundedin probability and ™ 2™ !
1 asn! 1. Becauseof (A.30), limpy l2n P Qn( )< 2h%?r = 0. This nishes
the proof.

Pro of of Theorem 3.1: By Lemma A.6, maXnzn, L1n(h) = maxnzn , Lon(h) + 05(1).
By LemmaA.7, under Ho maxnzn , Lan(h)  maxaon , Loy(h) ! Oin distribution asn! 1 .
UsingLemmaA.6 againimplies maxnzy , L1,(h) = maxaon , Lo, (h)+ 0,(1). This implies that
MaXnon , Lin(h) maxyon, Ly, (h) ! Oin distribution asn! 1 . This, alongwith equations
(A.2){(A.5), nishes the proof.

In order to prove Theorems3.2{3.3, in view of LemmaA.10, it su ces to verify (A.28).
Using LemmaA.1(ii), it suces to verify

lim P h () () 4h*? =1 (A.31)

Pro of of Theorem 3.2: In view of the de nition of I", equation (A.31) follows from the
fact that asn! 1 ,
1
-0 0 (mM)E 0o (A.32)

holdsin probability and nh®  Co" h%=2 for someconstart 0< Cy < 1 and n large enough.

Pro of of Theorem 3.3: Usingthe de nition of I", (A.32),

Z
(X)) ! Es %Xy = 2(x)f (x)dx D;>0asn! 1; (A.33)
t=1 x2S
and the fact that
1 X, 2
0 () ()= e (X1)  DiCj (A.34)

t=1
holds in probability, one can seethat (A.31) holds whenh = hpa = (loglog(n)) 7. This
nishes the proof of Theorem3.3.

Pro of of Theorem 3.4: In order to verify (A.28), we needto introduce the following
2

s+ d 4s+d

notation: hy = n I . This impliesnh,; 2 = . Chooseh 2 H, such that h; h<

2h,. We then have

4s+d

4s+d
4nFl = 4nhzh 2 4nh™7* % = 4nh®* (A.35)
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Thus, in order to verify (A.28), it su ces to show that
Qn( )  4nh**d (A.36)

holds in probability for the selectednh 2 H, and 2 . The verication of (A.36) can be
done using similar techniquesemployed in the proof of LemmaA.2. Alternativ ely, one may
follow the proof of (A13) of Horowitz and Spokoiny (2001) by noting that all the derivations
below their (A13) hold in probability with respect to the distribution of f X;g.
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TABLE 1
SIMULATION RESULTS ON MODEL (4.1)

Probability of Rejecting Null Hypothesis

Andrews' Heardle-Mammen Horowitz-Spokoiny  EL

Distribution Test Test Test Test
Null Hypothesisls True

Normal 0.057 0.060 0.066 0.053

Mixture 0.053 0.053 0.054 0.05

Extreme Value 0.063 0.057 0.055 0.057

Null Hypothesisls False

Normal 1.0 0.680 0.752 0.792 0.90
Mixture 1.0 0.692 0.736 0.796 0.898
Extreme Value 1.0 0.600 0.760 0.820 0.924
Normal 0.25 0.536 0.770 0.924 0.929
Mixture 0.25 0.592 0.704 0.932 0.919
Extreme Value 0.25 0.604 0.696 0.968 0.989
TABLE 2
SIMULATION RESULTS ON MODEL (4.2)
Horowitz-Spokoint Test EL Test
C, n= 300 n = 500 n= 300 n= 500
Null Hypothesis 0 0.054 0.052 0.064 0.049
Alternativ e Hypothesis 0:03 0.064 0.060 0.18 0.252
Alternativ e Hypothesis 0:04 0.056 0.068 0.306 0.412
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