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ABSTRA CT

This paper considersparameterestimation for continuous-timedi�usion processeswhich are

commonlyusedto model dynamicsof �nancial securitiesincluding interest rates. To under-

stand why the drift parametersaremoredi�cult to estimatethan the di�usion parameteras

observed in many empirical studies,we develop expansionsfor the bias and varianceof pa-

rameter estimatorsfor two mostly employed interest rate processes.A parametric bootstrap

procedureis proposedto correct bias in parameterestimation of generaldi�usion processes.

Simulation studiescon�rm the theoretical �ndings and show that the bootstrap proposalcan

e�ectiv ely reduceboth the bias and the meansquareerror of parameterestimatesfor both

univariate and multiv ariate processes.The advantagesof usingmoreaccurateparameteres-

timators whencalculating variousoption pricesin �nance are demonstratedby an empirical

study on a Fed fund rate data.

Keyw ords : Biascorrection,Bootstrap, Continuous-timemodels,Di�usion Processes,Jack-

knife, Parameterestimation.
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1. INTR ODUCTION

Di�usion processeshave long been used to model stochastic dynamics arising in physics,

biology and other natural sciences.Onelatest surgeof interest on theseprocessescomesfrom

molecular biology in modeling the dynamics of proteins as part of an e�ort to understand

how energytransfer and conversionhappenwithin biologicalcells. Perhapsthe most eminent

useof thesecontinuoustime stochastic processesin the last three decadeshasbeenin �nance

following the works of Merton (1971) and Black and Scholes(1973) which establishedthe

foundation of option pricing theory in �nance. Since then, there has been phenomenal

growth of �nancial products and instruments poweredby theseprocessesas documented in

Sundaresan(2000).

Along with this wide rangeusageof di�usion processesin various�elds, there aregrowing

needsand interestsin parameterestimation and model testing for di�usion processes,which

havebeenlargely encouragedby easilyavailabledata in �nancial applications. SeeLo (1988),

Bibby and S�rensen (1995), A•�t-Sahalia (2002), A•�t-Sahalia and Mykland (2003) and Fan

(2005) for discussionsand overviews.

An important application of di�usion processesis in modeling short-term interest rates,

which are fundamental quantities in �nance as they de�ne excessasset returns and risk

premiums of other assetsand their derivative prices. A commonly usedfamily of di�usion

processesfor the interest rates dynamicsis

dX t = � (� � X t )dt + � (X t )� dBt ; (1.1)

where� , � , � and � are positive parameters.The linear drift prescribesa mean-reversionof

X t toward the long term mean� at a speed� . The di�usion function � (X t )� can accommo-

date a rangeof pattens in volatilit y asX t gets larger. Important membersof this family are

the Vasicekmodel (Vasicek,1977)with � = 0 and the CIR model (Cox, Ingersoll, and Ross,

1985) with � = 1=2. Both Vasicekand CIR models are commonly used in �nance due to

(i) both have simple and attractiv e �nancial interpretations; and (ii) both admit close-form

solutions. The latter facilitates explicit calculationsof various option prices.
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Despite the critical rolesplayed by theseinterest-rate processesit is well known empiri-

cally that estimation of the drift parameters� and � can incur large bias and/or variabilit y,

seefor instance Ball and Torous (1996) and Yu and Phillips (2001). This is the casefor

virtually all the commonly used estimation approaches including the maximum likelihood

estimation. The problem exasperateswhen the processis lack of dynamics which happens

when � is small. Interest rates typically exhibits lessamount of changesthan stocks, and

is typically lack of dynamics. Indeed, as reported in Phillips and Yu (2005) and our sim-

ulation study, the maximum likelihood estimator for � can have more than 200%relative

bias even the processesare observed monthly for more than 10 years. This is rather serious

aspoor qualitativ e estimatescan produceseverely biasedoption pricesand serious�nancial

consequences.

In this paper, we �rst investigatethe above empirical phenomenaby developing expan-

sions to the bias and variance of estimators for the Vasicekand CIR processes.The bias

and varianceexpansionsreveal that, for each process,(i) the bias of the � estimator is of a

larger order of magnitude than the bias of estimators for the other drift parameter � and

the di�usion parameter � 2; (ii) the variancesof the estimators for the two drift parameters

� and � are of larger order than that of the estimator of � 2. Theseexplain why estimation

of � incurs more bias than the other parametersand why the drift parameter (� and � )

estimatesare more variable than that of the di�usion parameter � 2.

We then proposea parametric bootstrap procedurefor bias correction in parameter es-

timation of generaldi�usion processes.Both theoretical and empirical analysisshow that

the proposedbias correction e�ectiv ely reducesthe bias without in
ating the variance. We

demonstratein numerical simulations that the proposedbootstrap procedurecan be com-

bined with a rangeof parameterestimatorsincluding the approximate likelihood estimation

of A•�t-Sahalia (2002).

The paper is structured as follows. Section2 outlines parameterestimators usedin our

analysis. The expansionson the bias and variance of the estimators for Vasicekand CIR

processesare presented in Section3. Section4 outlines the bootstrap bias correction with
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justi�cations. Simulation results are reported in Section5. Section6 analyzesa data set of

Fed fund rates and we useit to demonstrate(i) the e�ect of parameterestimation on option

prices and (ii) how to carry out bias correction for option prices. All technical details are

deferredto the Appendix.

2. PARAMETER ESTIMATION FOR DIFFUSION PROCESSES

2.1 A GeneralOverview

A d-dimensionalparametric di�usion processf X t 2 Rd; t � 0g is de�ned by the following

stochastic di�eren tial equation

dX t = � (X t ; � )dt + � (X t ; � )dBt ; (2.1)

where � is a q-dimensionalparameter, � (�; � ) : R d ! R d and � (�; � ) = (� ij )d� p > 0 : R d !

R d� p are respectively drift and di�usion functions representing respectively the conditional

mean and variance of the in�nitesimal changeof X t at time t, and B t is a p-dimensional

Brownian motion. The existenceand uniquenessof the processf X t ; t � 0g satisfying (2.1)

and its probability properties are given in Stroock and Varadhan (1979).

A unique feature of statistical inferencefor di�usion processesis that despitethesepro-

cessesare continuous-time stochastic models, their observations are made only at discrete

time points, say at n equally spacedf t� gn
t=0 . Here � is the sampling interval and can be

made very small that corresponds to high-frequencydata. Let X 0; X � ; � � � X n� be discrete

observations from process(2.1) at equally spacedtime points f t� gn
t=0 over a time interval

[0; T] whereT = n� . To simplify notation, we write theseobservations as f X tgn
t=0 by hiding

� whenever doing so doesnot lead to confusion.

As a di�usion processis Markovian, if its transitional density is known, the maximum like-

lihood estimation (MLE) is the natural choicefor parameterestimation. However, for many

di�usion processes,their transitional distributions are not explicitly known which prevents

the useof the MLE. In thesecases,several methods are available, which include the mar-

tingale estimating equation approach by Bibby and S�rensen (1995); the pseudo-Gaussian
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likelihood approach of Nowman (1997); the GeneralizedMethod of Moments (GMM) es-

timator of Hansen and Scheinkman (1995); and the approximate likelihood approach of

A•�t-Sahalia (2002). A•�t-Sahalia and Mykland(2003 and 2004) consider likelihood and the

GMM basedestimation when� is random and quantify its impacts on parameterestimation.

Nonparametric estimators for the drift and di�usion functions have beenalsoproposed,

which include the kernel estimator by A•�t-Sahalia (1996)and Stanton (1997),and the semi-

parametric estimators of Jiang and Knight (1997). Fan and Zhang (2003) examine the

estimators of Stanton (1997) and analyze the e�ects of high order stochastic expansions

on estimation. Bandi and Phillips (2003) considertwo stagekernel estimation of the drift

and di�usion functions, replacing the strictly stationary assumptionwith weaker recurrent

Markov processes.SeeCai and Hong (2003) and Fan (2005) for reviews.

We assumethroughout the paper that as n ! 1

(i ) � ! 0; (ii ) T ! 1 and (iii ) T� 1=k ! 1 for somek > 2: (2.2)

The �rst two assumptionsimply that the sampling interval gets �ner and the total obser-

vation time goes to in�nit y as n ! 1 . The last part of the assumption is usedto bound

various remainder terms in moment expansions.

2.2 Estimation for VasicekProcess

The Vasicekprocesssatis�es the univariate stochastic di�eren tial equation

dX t = � (� � X t )dt + � dB(t): (2.3)

It is the Ornstein-Uhlenbeck processand was proposedby Vasicek(1977) for interest rate

dynamics. The conditional distribution of X t given X t � 1 is

X t jX t � 1 � N
�
X t � 1e� �� + � (1 � e� �� ); 1

2 � 2� � 1(1 � e� 2�� )
�
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and the stationary distribution of is N (� ; 1
2 � 2� � 1). The conditional mean and variance of

X t given X t � 1 are

E (X t jX t � 1) = X t � 1e� �� + � (1 � e� �� ) =: � (X t � 1) and (2.4)

Var(X t jX t � 1) = 1
2 � 2� � 1(1 � e� 2�� ): (2.5)

Let � (x) be the density function of the standard normal distribution N (0; 1). Then, the

likelihood function of � = (�; � ; � 2) is

L(� ) = �
�

� � 1
p

2� (X 0 � � )
� nY

t=1

�
�

� � 1
p

2� (1 � e� 2�� )� 1f X t � � (X t � 1)g
�

:

The maximum likelihood estimators (MLE) are

�̂ = � � � 1 log(�̂ 1); �̂ = �̂ 2 and �̂ 2 = 2�̂ �̂ 3(1 � �̂ 2
1)� 1 (2.6)

where

�̂ 1 =
n� 1

P n
i=1 X i X i � 1 � n� 2

P n
i=1 X i

P n
i=1 X i � 1

n� 1
P n

i=1 X 2
i � 1 � n� 2(

P n
i=1 X i � 1)2

; (2.7)

�̂ 2 =
n� 1

P n
i=1 (X i � �̂ 1X i � 1)

1 � �̂ 1

and (2.8)

�̂ 3 = n� 1
nX

i =1

f X i � �̂ 1X i � 1 � �̂ 2(1 � �̂ 1)g2: (2.9)

The conditional meanand variance(2.4) and (2.5) suggestthat the discreteobservations

f X tgn
t=0 follow an AR(1) processwith � 1 = e� �� asthe auto-regressive coe�cien t. As � 1 ! 1

when � ! 0, we are having a near unit root situation. Our analysisshows that

E(�̂ 1) = � 1 �
4
n

+
3��
n

+
7

n2��
+ o(n� 2� � 1 + n� 1� ): (2.10)

Herethe biasof �̂ 1 is controlled by two forcesof asymptotic: � and n, due to the continuous-

time nature of the process.The expansion(2.10) echoesan expansion

E(�̂ 1) = � 1 �
1 + 3� 1

n
+ O(n� 2) (2.11)

given by Marriott and Pope (1954)and Kendall (1954) for discrete-timeAR(1) model when

� is treated as �xed.
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2.3 Estimation for CIR Process

A CIR (Cox et al., 1985)di�usion processsatis�es

dX t = � (� � X t )dt + �
p

X tdB(t); (2.12)

with 2�� =� 2 > 1. Let c = 4�� � 2(1 � e� �� )� 1, the transitional distribution of cX t given X t � 1

is non-central � 2
� (� ) with the degreeof freedom� = 4�� � � 2 and the non-central component

� = cX t � 1e� �� .

The conditional meanis the samewith (2.4) of the Vasicekprocess.However, due to the

heteroscedasticity in the di�usion function, the conditional variancebecomes

Var(X t jX t � 1) = 1
2 � � 2� � 1(1 � e� �� )2 + X t � 1� 2� � 1(e� �� � e� 2�� ): (2.13)

Sincethe non-central � 2-density function is an in�nite seriesinvolving central � 2 densities,

explicit expressionof the MLEs for � = (�; � ; � 2) is not available. To gain insight on the

parameterestimation, weconsiderpseudo-likelihood estimatorsproposedby Nowman(1997),

which admit closeform expressions.Nowman employed a method of Bergstrom (1984) that

approximates the CIR processby

dX t = � (� � X t )dt + �
p

X m� dB(t) for t 2 [m� ; (m + 1)� ) (2.14)

which discretizesthe di�usion function within each [m� ; (m + 1)� ) by its valueat the left end

point of the interval while keepingthe drift unchanged,insteadof discretizing the Brownian

motion as in the conventional Euler approximation.

Without confusionin the notation, let f X tgn
t=0 beobservations from process(2.14). Then,

they satisfy the following discretetime seriesmodel

X t = e� �� X t � 1 + � (1 � e� �� ) + � t ; (2.15)

whereE(� t ) = 0, E(� t � s) = 0 if t 6= s and E(� 2
t ) = 1

2 � 2� � 1(1 � e� 2�� )X t � 1 =: � (X t � 1; � ). By

pretending � t to be Gaussiandistributed, a pseudolog-likelihood

`(� ) = �
nX

t=1

�
1
2 logf � (X t � 1; � )g + 1

2 � � 1(X t � 1; � )
�

X t � e� �� X t � 1 � � (1 � e� �� )
	�

(2.16)
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is obtained which leadsto pseudo-MLEs

�̂ = � � � 1 log(�̂ 1); �̂ = �̂ 2 and �̂ 2 =
2�̂ �̂ 3

1 � �̂ 2
1

(2.17)

where

�̂ 1 =
n� 2

P n
t=1 X t

P n
t=1 X � 1

t � 1 � n� 1
P n

t=1 X tX � 1
t � 1

n� 2
P n

t=1 X t � 1
P n

t=1 X � 1
t � 1 � 1

; (2.18)

�̂ 2 =
n� 1

P n
t=1 X tX � 1

t � 1 � �̂ 1

(1 � �̂ 1)n� 1
P n

t=1 X � 1
t � 1

and (2.19)

�̂ 3 = n� 1
nX

t=1

n
X t � X t � 1�̂ 1 � �̂ 2(1 � �̂ 1)

o2
X � 1

t � 1: (2.20)

We emphasizeherethat the discretizedmodel (2.14) is usedonly to producethe estima-

tors. It is the original CIR model (2.12) that is usedwhen we analyzetheir properties.

3. MAIN RESULTS

We �rst report our investigation on the MLEs of the Vasicekprocess.

Theorem 1 For a stationary Vasicek processand under Condition (2.2),

E(�̂ ) = � + 4=T �
�

4�n � 1 + 7=(�T 2)
	

+ o(n� 1 + T � 2);

Var(�̂ ) = 2�=T + o(T � 1);

E(�̂ ) = � + o(T � 2); Var(�̂ ) = � 2� � 2=T + o(T � 1);

E(�̂ 2) = � 2 + O(n� 1) and Var(�̂ 2) = 2� 4n� 1 + o(n� 1):

Theorem 1 reveals, �rst of all, that the leading order bias of �̂ is 4=T, and the leading

order relative bias is 4=(�T ), which gets larger as � gets smaller (weaker mean-reverting).

Secondly, the leading order variance of �̂ and �̂ are both of 1=T, which are larger order

than 1=n, the order of Var(�̂ 2). Hence,estimation for the two drift parametersare much

more variable than �̂ 2. Thesecon�rm the commonly observed empirical bias behavior in

� -estimation as well as larger variabilit y in the drift parameter estimation. The theorem

alsorevealsthat despite�̂ having a larger order variance,it is almost unbiased.At the same
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time, contrary to the di�culties in estimating the drift parameters,estimation of � 2 enjoys

both smaller bias and lessvariabilit y as having beenobserved in various empirical studies.

The results on the pseudo-MLEsfor the CIR processare summarizedbelow

Theorem 2 For a stationary CIR process,and under Condition (2.2) and 2�� =� 2 � 2,

E(�̂ ) = � +
�

4 +
2

� � � 1

�
T � 1 + o(T � 1); (3.1)

Var(�̂ ) =
2� � �

(� � � 1)2

�
4 +

1
� � � 1

�
T � 1 + o(T � 1); (3.2)

E(�̂ ) = � +
2�

(� � � 1)�
n� 1 + o(n� 1); Var(�̂ ) =

2� 2
�

(� � � 1)� 2
� �

T � 1 + o(T � 1); (3.3)

E(�̂ 2) = � 2 �
� 2��

2(� � � 1)
+ O(n� 1); Var(�̂ 2) = � 4

�
2 �

1
� � � 1

�
n� 1 + o(n� 1):(3.4)

where � � = 2�� =� 2 and � � = 2�=� 2.

Theorem2 revealssimilar featuresto thoseby Theorem1 for the Vasicekprocess.These

include (i) the leading order bias of �̂ is still T � 1; (ii) estimation of � and � still incurs

a larger order variance as compared to the estimation of � 2. A di�erence is in the bias

of �̂ 2, which is at the order of � � 1. This can be understood as a result of the piece-wise

discretization of the di�usion function usedin (2.14). We note that 2�� =� 2 � 2 is needed

to ensureterms with X � 1
i X � 1

j having boundedexpectations.

An important messagefrom Theorems1 and 2 is that it is T, the total observation time,

rather than the sample size n, that controls the bias and/or variance in estimation of �

and � . Our analysisis entirely basedon each continuous-timeprocessunder consideration,

and improves the heuristic justi�cation usedin Phillips and Yu (2005) which are basedon

results like (2.11) from discrete-timeseries.And most importantly, the results in thesetwo

theoremsnicely explain various empirical results reported in the literature.

4. BOOTSTRAP BIAS CORRECTION

Given the explicit biasexpansionin Theorem1, a simplebiascorrectionfor �̂ for the Vasicek

processis �̂ 1 = �̂ � 4=T: This will remove the leadingorder biaswithout altering the variance.
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The samemay be applied to the CIR processby constructing

�̂ 1 = �̂ �
�

4 +
2

�̂ � � 1

�
T � 1

where �̂ � = 2�̂ �̂ =�̂ 2. The limitation of this approach is that it would not be applicable to

other processesunlesssimilar bias expansionsare established.

In a signi�cant development, Phillips andYu (2005)proposea jackknife method to correct

bias in parameter estimation of di�usion processes.Their proposal was motivated by the

bias expansions(2.11) establishedfor discrete time series. It consistsof �rst dividing the

entire sampleof n observations into m consecutive non-overlapping blocks of observations

of size l such that n = ml ; and then construct parameter estimators basedon each block

of observations, say �̂ i for the i -th block. The jackknife estimator that corrects bias in an

original estimator �̂ is

�̂ J =
m

m � 1
�̂ �

P m
i=1 �̂ i

m2 � m
:

They suggestedusing m = 4 which was shown numerically to produce the best trade-o�

betweenbias reduction and variancein
ation.

In conventional statistical settings,it is understood (ShaoandTu, 1995)that the jackknife

tends to in
ate variance more than the bootstrap when both are used for bias correction.

Indeed, as shown in our simulations, although using m = 4 has reduced the variance of

the jackknife estimator as opposedto using m = 2, the variance can still be much larger

than the original estimator. This may be due to that dividing the data into shorter blocks

reducesthe observation time which hasbeenshown in Theorems1 and 2 to be the key force

in in
uencing the variabilit y in the estimation of the drift parameters.

We proposea parametric bootstrap procedurefor bias correction. The bootstrap (Efron,

1979)hasbeenshown to be an e�ectiv e method for bias correction and varianceestimation

for both independent and dependent observations as summarizedin Hall (1992) and Lahiri

(2003). Although our analysis was con�ned to the two speci�c processesin the previous

section, the proposed bootstrap bias correction is applicable to the general multiv ariate

di�usion process(2.1).
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Let �̂ be a meansquareconsistent estimator of � . The parametric bootstrap procedure

consistsof the following steps:

Step 1. Generatea bootstrap samplepath f X �
t gn

t=1 with the samesampling interval �

from dX t = � (X t ; �̂ )dt + � (X t ; �̂ )dBt ;

Step2. Obtain a newestimator �̂ � from the bootstrap samplepath by applying the same

estimation procedureas �̂ ;

Step3. Repeat Steps1 and 2 NB number of times and obtain a setof bootstrap estimates

�̂ � ;1; � � � ; �̂ � ;N B :

Let �̂� � = N � 1
B

P NB
b=1 �̂ � ;b, the bootstrap bias-correctedestimator is �̂ B = 2�̂ � �̂� � and the

bootstrap estimatesfor the varianceof �̂ is

dVar(�̂ ) = N � 1
B

NBX

b=1

�
�̂ � ;b � �̂� �

� �
�̂ � ;b � �̂� �

� 0
:

Here A0 denotesmatrix transpose.

In the above Step1, we �rst generatean initial value of X �
0 from the stationary marginal

distribution. For a univariate process,the stationary density is known to be

� � (x) =
� (� )

� 2(x; � )
exp

� Z x

x0

2� (t; � )
� 2(t; � )

dt
�

:

If the transitional distribution of X t� given X (t � 1)� is known, we can generateX �
t� given

X �
(t � 1)� from that distribution. If the transitional distribution is unknown, we can use the

approximate transitional density of A•�t-Sahalia(1999). We may also apply the Milstein

scheme(Klo edenand Platen, 2000)which is moreaccuratethan the �rst-order Euler scheme.

The bootstrap bias correction method sharessomekey featuresof the jackknife method,

for instance it can be applied to a general di�usion process(univariate or multiv ariate),

and for a rangeof estimators including the MLE, the pseudo-MLEand discretization based

estimators. The bootstrap bias correction is justi�ed in the following theorem. Beforethat,

let us introducesomenotations.

Let � = (� 1; � � � ; � p)T be a vector of parametersof the generaldi�usion process(2.1), and

�̂ = (�̂ 1; � � � ; �̂ p)T bea consistent estimator of � . Write the bootstrap biascorrectedestimator
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�̂ B = (�̂ B 1; � � � ; �̂ B p)T . For l = 1; � � � ; p, let bnl (� ) = E(�̂ nl ) � � l and vnl (� ) = Var(�̂ nl ) be the

bias and variancecomponents of �̂ l respectively, and

bnl (� ) = � nl b
(0)
nl (� ) and vnl (� ) = � nl v

(0)
nl (� )

sothat both jb(0)
nl (� )j and jv(0)

nl (� )j areuniformly boundedaway from 1 and zerowith respect

to n and � . Hence,both � nl and � nl arethe exactordersof magnitudefor the biasandvariance

of �̂ l respectively.

Theorem 3 Suppose that for each l = 1; � � � ; p, (i) � 2
nl + � nl ! 0 as both n and T ! 1

and (ii) b(0)
nl (� ) and v(0)

nl (� ), as functions of � , are twice continuously di�er entiable within a

hypersphere S in Rp that contains the real parameter � ; and (iii) E f b(0)
nl (�̂ )g2 = O(1). Then,

E(�̂ B l ) = � l + of bnl (� )g and Var(�̂ B l ) = vnl (� ) + of vnl (� )g: (4.1)

The theorem shows that the proposedbootstrap estimator �̂ B reducesthe bias of the

original estimator �̂ while having the same leading order variance as �̂ . The conditions

of the theorem are quite weak, which are no more than the mean squareconsistent and

di�eren tiabilit y of the bias and variancefunctions near � . Theseare satis�ed by most of the

commonly usedestimators, for instancethoseevaluated in Theorems1 and 2.

5. SIMULATION STUDIES

We report in this sectionresults from simulation studieswhich weredesignedto (i) con�rm

the theoretical �ndings of Theorems1 and 2, (ii) evaluate the performanceof the proposed

bootstrap bias correction, and (iii) comparethe bootstrap proposal with the jackknife bias

correction proposedby Phillips and Yu (2005). In the simulation studies, both univariate

(Vasicekand CIR processes)and bivariate processeswere consideredas well as a range of

parameter estimators. All the simulation results reported in this sectionwere all basedon

5000simulations and 1000bootstrap resamples.

12



5.1 Univariate Processes

To con�rm the theoretical resultsgiven in Theorems1 and 2, wesimulated two setsof models

for both Vasicekand CIR processes.The parameter values used for the Vasicekprocess

were � = (�; � ; � 2) = (0:858; 0:0891; 0:00219)(VasicekModel 1) and (0:215; 0:0891; 0:0005)

(VasicekModel 2). For the CIR process,the parameter � = (�; � ; � 2) = (0:892; 0:09; 0:033)

(CIR Model 1) and (0:223; 0:09; 0:008) (CIR Model 2) respectively. Both VasicekModel

2 and CIR Model 2 have only a quarter of the mean-reverting force of VasicekModel 1

and CIR 1 respectively. We chose� = 1=12 that corresponds to monthly observations in

annualized term. The samplesize n was 120, 300, 500 and 2000. The purposeof trying

n = 2000was to con�rm the asymptotic bias and variance developed in Theorems1 and

2. As the transitional distribution of thesetwo processesare known, the simulated sample

paths weregeneratedfrom the known transitional distribution with the initial valueX 0 from

their known stationary distributions respectively. We only report the simulation results for

the CIR modelsas the pattern of results for the Vasiceksimulation was the same.

Tables1 report the averagebias, relative bias (R. Bias), standard deviation (SD) and

root meansquareerror (RMSE) for the two CIR models. We alsoreport in parenthesesthe

asymptotic bias and standard deviation prescribed by expansionsin Theorem2. We observe

that the severebias in � estimation wasvery clear, especially when the amount of the mean

reverting wasweak(Tables1(b)). At the sametime, there waslittle bias in the estimation of

� and the overall quality in estimating � 2 wasvery high even for samplesizeassmall as120.

Theseall con�rmed our theoretical �ndings. We �nd the di�erence betweenthe simulated

bias and SD and those predicted by the theoretical expansionsdecreasedas n and T were

increased,and was very small at n = 2000,which was reassuring.

We then applied the bootstrap biascorrection to estimation of � for the Vasicekand CIR

models. The jackknife approach proposedby Phillips and Yu (2005) was also performed

with m = 4. The simulation results are summarizedin Tables2. We seethat the bootstrap

bias correction e�ectiv ely reducedthe bias without increasingthe varianceof the estimation
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much. However for the jackknife bias correction, there was somenon-ignorable variance

in
ation. The bootstrap bias correction had lessRMSE than the jackknife bias correction

as well as the original estimator.

We alsocarried out estimation and bootstrap bias correction basedon the approximated

likelihood estimation of A•�t-Sahalia(2002)for the CIR Model 2. This was designedto seeif

there weresigni�cant di�erence betweenthe approximated MLEs and the pseudo-likelihood

estimatorsof Nowman(1997)which wehaveanalyzedin Theorem2. The resultsarereported

in Table3, which weresimilar to the pseudo-likelihood estimatorsin Table1 (b). However, we

did seethat the useof the approximate likelihood did produceestimateswhich had slightly

smallerbiasand standarddeviation. Most importantly, the bootstrap biascorrectionworked

well for the approximated likelihood in reducing both the bias and meansquareerror in � -

estimation.

5.2 Multiv ariate Processes

To evaluate the general applicability of the proposed bootstrap procedure, we carry out

simulations for the following bivariate processes:

dX t = � (� � X t )dt + � (X t )dBt (5.1)

where

X t =

0

@
X 1t

X 2t

1

A ; � =

0

@
� 11 0

� 21 � 22

1

A ; � =

0

@
� 1

� 2

1

A and � (X t ) =

0

@
� 11X

�
1t 0

0 � 22X
�
2t

1

A

with � = 0 and 1=2 respectively. Here � = 0 corresponds a bivariate Ornstein-Uhlenbeck

processwhoseexact transitional density is known to be bivariate Gaussian,whereas� = 1=2

corresponds to a bivariate extensionof the Feller's process.We will report only simulation

results for the bivariate Feller's processas those for the bivariate Ornstein-Uhlenbeck were

similar.

Unless� 21 = 0, the transitional density of the bivariate Feller's processdoesnot admit

an explicit form (A•�t-Sahalia and Kimmel, 2002). We considerestimation basedon the Euler

14



discretization:

X t � X t � 1 = � (� � X t � 1)� + � (X t � 1)� B t ; (5.2)

where� B t = (B1t � B1t � 1; B2t � B2t � 1)0 is a discretization of the bivariate Brownian motion.

A pseudo-likelihood can be constructedsimilar to that of (2.16) from the conditional mean

and variancestructures:

E(X t jX t � 1) = � (� � X t � 1)� ; and Var(X t jX t � 1) = � (X t � 1)diag(� ; � )� 0(X t � 1):

The approximation (5.2) is subject to a discretization error. However, the pseudo-likelihood

estimator is consistent as long as � ! 0.

We chose(� 11; � 21; � 22; � 1; � 2; � 11; � 22) = (0:223; 0:4; 0:9; 0:09; 0:08; 0:008; 0:03): The gen-

eration of the bivariate di�usion processwasvia the Milstein's scheme(Klo edenand Platen,

2000). Wealsopre-runnedthe process1000times beforestarting the real simulation to make

the simulated samplepath stationary.

Table 4 summarizesthe simulation performanceof the psudo-MLEs and the bootstrap

bias corrected parameter estimation. We observe that similar to the univariate caseas

reported in Tables 1 and 2, the estimators of the drift parametersin � and � had worse

performancethan the di�usion parametersin � . It is encouragingto seethat the bootstrap

worked e�ectiv ely in reducingboth the bias and the meansquareerrors. The boostrap bias

correction did not working as e�ectiv ely as those for � 11 and � 22. However, our simulation

for the bivariate Ornstein-Uhlenbeck processshowed that the bootstrap work well for all �

coe�cien t including � 21. Hence,this suggeststhat it might be due to the useof the pseudo-

likelihood that only usesthe conditional variancethat ignoresthe dependencebetweenthe

two marginal processes.We note that there was no need to carry out the bootstrap bias

correction for (� 1; � 2) and (� 11; � 22). This is consistent with the recommendationsfrom

Theorems1 and 2.
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6. A CASE STUDY AND OPTION PRICING

We analyzea Fed fund interest rate dataset consisting432monthly observations from Jan-

uary 1963 to December 1998. This dataset has been analyzed in (A•�t-Sahalia, 1999) to

demonstratehis approximate likelihood estimation.

In additional to estimatethe Vasicekand CIR processes,we computedtwo option prices

driven by thesetwo processes:Pt;T (� ), the price of a zero-coupon-bond at time t that pays

$1 at a maturit y time T; and Ct;T ;S;K (� ), the price at time t of an Europeancall option with

maturit y T and a strike price K on a zero-coupon bond maturing at S > T. SeeVasicek

(1977) and Cox et al. (1985) for detailed expressionsof thesetwo option pricesas functions

of parametersof an underlying interest rate process.

We�rst estimatedthe parametersof the underlying di�usion processes(Vasicekand CIR)

by the maximum likelihood method and carried out the bootstrap bias correction. Then,

we calculatedthe option pricesPt;T (� ) and Ct;T ;S;K (� ) basedon the estimatedparametersof

the Vasicekor CIR processwith t = 0, T = 1, S = 3 and the initial interest rate at 5%. The

facevalue of the EuropeanCall option on a three year discount bond was$100with a strike

price K = $90.

The parametric bootstrap wasusedto estimateboth the bias of the parameterestimates

of the processand the option pricesaswell astheir standarddeviationsbasedon 1000resam-

ples. The bootstrap implementation for the option prices were readily made by extending

Steps2 and 3 in the procedureoutlined in Section4 to include computation of the option

prices in each resample. The empirical results are reported in Table 5. It is observed that

the bootstrap bias estimates(Estimated Bias) were rather substantial in both �̂ and the

option price Ĉ(0; 1; 3; 90). While the largebias in �̂ wasexpectedfrom Theorems1 and 2, it

was rather alarming to seea large under-estimation(more than 10%) in Ĉ(0; 1; 3; 90). Also,

the bootstrap estimate of the standard deviation for both � and C(0; 1; 3; 90) were quite

large too. The large variabilit y in the option price should be taken into considerationand

indicates the di�culties in producing accurateestimatedprices. The empirical analysisalso
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indicated that the Europeancall option is more a�ected by the biasedparameterestimates

for the underlying interest rate processthan the zero-coupon bond, which canbe understood

due to di�eren t transformations of the underlying di�usion parameters. We also supplied

in parenthesesthe estimated standard deviation basedon the leading order varianceterms

prescribed by Theorems1 and 2, which wereall comparablewith the bootstrap estimates.

7. DISCUSSION

The estimationof the drift parametersin di�usion processeshasbeenknown to bechallenging

when the processis lack of dynamics. Our analysesreported in Theorems1 and 2 quantify

the underlying sourcesof the challengefor two commonly usedinterest rate processes.One

sourceof the challenge, apart from being lack of dynamics, is that the accuracy in the

estimation of the drift parameters is governed by T, the total amount of time a process

is observed, rather than the sample size n. This is di�eren t from estimation for discrete

time seriesmodels where n is the driving force for accuracy. A reasonfor the proposed

parametric bootstrap method working moree�ectiv ely than the jackknife method is because

its re-creationof the full observation length in each resamplingthat fully utilizes the amount

of observation data available and the assumedmodel for the process.

While we have gainedquite completeunderstandingon parameterestimation for the two

popular processesin Theorems1 and 2, there is a needto understandmoreon estimation for

multiv ariate processes,in particularly estimation of parametersthat control the correlation

betweencomponents of the process.Another important issueis how to reducethe variabilit y

in estimation of the drift parametersand the European call option. We hope that future

research will addresstheseissues.
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APPENDIX: PROOFS

We will only present the proofs of Theorems2 and 3 here. The proof of Theorem 1 is very

similar to that of Theorem2, but slightly easieras the observed samplepath is multiv ariate

normally distributed. Proof of Theorem 1 as well as more a detailed proof of Theorem 2 is

available from the authors.
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Pro of of Theorem 2: We �rst note two basic facts regarding a sample f X i gn
i=1 from a

stationary CIR process:(i) for any i; j � 0, c � X i jX j � � 2
� (� ) distribution where � = 4��

� 2 ,

� = cX j e�j j � i j �� and c = 4�
� 2 (1� e�j j � i j �� ) ; and (ii) X t � �( � � ; � � ) where� � = 2��

� 2 and � � = 2�
� 2 .

Let F (a1; a2; b; Z ) = �( b)
�( a1 )�( a2 )

P 1
k=0

Z k

k!
�( a1+ k)�( a2+ k)

�( b+ k) be the hypergeometricfunction. It

can be shown using the above facts

E(X � 1
i ) =

1X

k=0

(�= 2)k

k!
e� �= 2 1=2

� =2 + k � 1
and (A.1)

E
�
X � 1

i X � 1
j

�
= E

�
X � 1

i E
�
X � 1

j jX i
�	

=
� 2

�

(� � � 1)2
� F (1; 1;� � ; e�j j � i j �� ): (A.2)

The function F (a1; a2; b; Z ) convergesabsolutelyif b� a1� a2 � 0, thereforeE(X � 1
i X � 1

j ) < 1

if � � � 2. This is the reasonbehind assuming� � � 2 in Theorem 2. Similarly, it can be

concludedthat

E
�
X � 1

i � 1X i X � 1
j � 1

�
= C� (i; j )Si;j for i < j and (A.3)

E
�
X � 1

j � 1X � 1
i � 1X i

�
=

� � e� ��

� � � 1
+

� 2
� � (1 � e� �� )

(� � � 1)2
F (1; 1; � � ; e�j i � j j �� ) for j < i � 1;

whereC� (i; j ) = � � � 2 (� � � 1)
(1� e� �� )(1 � e� ( j � i � 1) �� )�( � � ) , Si;j =

P 1
k=0

P 1
l=0 D k

1D l
2

�( � � + l+ k+1)
�( � � + l)�( � � + k) ,

D1 = e� �� =(e� �� � 1) and D2 = e� ( j � i � 1)�� =(e� ( j � i � 1)�� � 1);

E
�
X j � 1X � 1

i � 1X i
�

= �
� e� ( i � j )��

� � � 1
(1 � e� �� ) + � for j < i � 1 and (A.4)

E
�
X � 1

i � 1X i X j � 1
�

= e� ( j � i � 1)�� C(1 � e� �� ) + � for j > i;

where� = (� � � e� �� )�
� � � 1 and C = � �

� � � 1

�
� 2

2� + �
�

(1� e� �� )+ � 2

� e� �� + 2� e� �� � � (1+ e� �� ) � �
� � � 1 .

Let � 1 = E(X t ), � 2 = E(X � 1
t ), � 3 = E(X tX � 1

t � 1), � 0
1 = � 1� 2 � � 3 and � 0

2 = � 1� 2 � 1. It

can be shown that � 1 = � and � 2 = � �

� � � 1 , � 3 = E
�

X � 1
t � 1E (X t jX t � 1)

	
= � � � e� ��

� � � 1 . Then by

the de�nition in (2.18)

�̂ 1 =
� 0

1

� 0
2

+
T11

� 0
2

�
� 0

1T21

� 02
2

+
T12

� 0
2

�
� 0

1T22

� 02
2

�
�

T11T21

� 02
2

+
�

02
1 T2

21

� 03
2

�
f 1 + op(1)g; (A.5)
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where

T11 = � 2n� 1
nX

i =1

(X i � � 1) + � 1n� 1
nX

j =1

(X � 1
j � 1 � � 2) � n� 1

nX

i =1

(X i X � 1
i � 1 � � 3);

T12 = n� 2
nX

i =1

(X i � � 1)
nX

j =1

(X � 1
j � 1 � � 2);

T21 = � 2n� 1
nX

i =1

(X i � 1 � � 1) + � 1n� 1
nX

j =1

(X � 1
j � 1 � � 2) and

T22 = n� 2
nX

i =1

(X i � 1 � � 1)
nX

j =1

(X � 1
j � 1 � � 2):

It is clear that E(T11) = E(T21) = 0. And it can be shown that E
�

(X i � � 1)(X � 1
j � � 2)

	
=

� (� � � 1)� 1e�j j � i j �� : Then

E
�

T12

� 0
2

�
� 0

1T22

� 02
2

�
= � n� 2(e�� � e� �� )f n (�� ) = � 2n� 1 f 1 + o(1)g; (A.6)

where

f n (�� ) =
X

j >i

e� ( j � i )�� = n� � 1� � 1 � 1
2n � � � 2� � 2 + o(� � 2 + n):

The derivations of E(T11T21) and E(T2
21) needthe following resultswhich canbeobtained

from (A.1) to (A.4),

n� 2 � 2
2

� 02
2

E

(

�
nX

i =1

nX

j =1

(X i � � 1)(X j � 1 � � 1) + e� ��
nX

i =1

nX

j =1

(X i � 1 � � 1)(X j � 1 � � 1)

)

= � 2n� 1 f 1 + o(1)g; (A.7)

n� 2 � 2
1

� 02
2

E

(
nX

i =1

nX

j =1

(X � 1
i � 1 � � 2)(X � 1

j � 1 � � 2)

)

= n� 1 2
(� � � 1)��

f 1 + o(1)g; (A.8)

n� 2 � 1

� 02
2

E

(
nX

i =1

nX

j =1

(X i X � 1
i � 1 � � 3)(X � 1

j � 1 � � 2)

)

= o(n� 1); (A.9)

n� 2 � 2

� 02
2

E

(
nX

i =1

nX

j =1

(X i X � 1
i � 1 � � 3)(X j � 1 � � )

)

= o(n� 1) and (A.10)

n� 2 � 1� 2

� 02
2

E

(

�
nX

i =1

nX

j =1

�
(X i � � 1)(X � 1

j � 1 � � 2) + (X i � 1 � � 1)(X � 1
j � 1 � � 2)

	

+ 2e� ��
nX

i =1

nX

j =1

(X i � 1 � � 1)(X � 1
j � 1 � � 2)

)

= 4n� 1 f 1 + o(1)g: (A.11)
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We note from (A.5) that

T11T21 = � 2
2n� 2

nX

i =1

nX

j =1

(X i � � 1)(X j � 1 � � 1) + � 2
1n� 2

nX

i =1

nX

j =1

(X � 1
i � 1 � � 2)(X � 1

j � 1 � � 2)

+ � 1� 2n� 2
nX

i =1

nX

j =1

(X i � � 1)(X � 1
j � 1 � � 2) + � 1� 2n� 2

nX

i =1

nX

j =1

(X i � 1 � � 1)(X � 1
j � 1 � � 2)

� � 2n� 2
nX

i =1

nX

j =1

(X i X � 1
i � 1 � � 3)(X j � 1 � � 1) � � 1n� 2

nX

i =1

nX

j =1

(X i X � 1
i � 1 � � 3)(X � 1

j � 1 � � 2)

and

T2
21 = � 2

2n� 2
nX

i =1

nX

j =1

(X i � 1 � � 1)(X j � 1 � � 1) + � 2
1n� 2

nX

i =1

nX

j =1

(X � 1
i � 1 � � 2)(X � 1

j � 1 � � 2)

+ 2� 1� 2n� 2
nX

i =1

nX

j =1

(X i � 1 � � 1)(X � 1
j � 1 � � 2):

Applying the results in (A.7) to (A.11), we have

E
�

T11T21

� 02
2

+
�

02
1 T2

21

� 03
2

�
= n� 1

�
2 +

2
� � � 1

�
+ o(n� 1):

This together with (A.5) and (A.6) then lead to

E(�̂ 1) = � 1 � n� 1

�
4 +

2
� � � 1

�
f 1 + o(1)g: (A.12)

To derive Var(�̂ 1), we take varianceoperation on both sidesof (A.5) so that

Var(�̂ 1) =
�

Var(T11)
� 02

2
+

�
02
1 Var(T21)

� 04
2

�
2� 0

1

� 03
2

Cov(T11; T21)
�

f 1 + o(1)g:

Then we apply (A.7) to (A.11) to yield

Var(�̂ 1) = n� 1�
�

4 +
1

� � � 1

�
+ o(n� 1� ): (A.13)

To establishthe bias and varianceexpansionsfor �̂ , we note

�̂ = �
1
�
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log(� 1) +
(�̂ 1 � � 1)

� 1
�

(�̂ 1 � � 1)2

2� 2
1
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#

:
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Applying the delta-method, we have from (A.12) and (A.13)

E(�̂ ) = � � � � 1E

"
�̂ 1 � � 1

� 1
�

(�̂ 1 � � 1)2

2� 2
1

#

+ o
n

E(�̂ 1 � � 1)2
o

= � +
�

4 +
2

� � � 1

�
T � 1 + o(T � 1) and

Var(�̂ ) =
2� � �

(� � � 1)2

�
4 +

1
� � � 1

�
T � 1 + o(T � 1):

Thesecompleteproving the part of the theorem regarding �̂ . The proofs for �̂ and �̂ 2 are

almost the sameby �rst carrying out Taylor expansionsfor the estimatorsand then applying

those intermediate results given from (A.1) to (A.4) and from (A.7) to (A.11).

The proof of Theorem3 needsthe following lemma.

Lemma 1 Let �̂ n be an estimator of � based on n observations,bn (� ) = E(�̂ n ) � � and

(i) For someinteger N � 2, E jj �̂ n � � jjN = O(� n;N ) where � n;N ! 0 as n ! 1 .

(ii) For someK � 1, Ef � n (�̂ )gK = O(� n;K ) for a sequence of constants f � n;K gn� 1.

Then, Ef � k
n (�̂ n )g � Ef � k

nr (�̂ n )g = O(� r =N
n;N + � k=K

n;K � (K � k)=K
n;N ):

Pro of: It can be obtained by modifying the proof of Theorem A.2 of Sargan(1976). No-

ticeably we use� n;N and � n;K to replaceT � r R and T � respectively in Sargan(1976).

Pro of of Theorem 3: Recall �̂ B = �̂ � ( �̂� � � �̂ ) where �̂� � = N � 1
B

P n
i=1 �̂ �

i and NB is the

replication number of bootstrap resamples.Let � n be the � -�eld generatedby X 1; : : : ; X n .

As the bootstrap generatesthe resamplesfor the parametric di�usion process,where �̂ � are

estimationsbasedon the resampledpath in the sameway as �̂ basedon the original sample,

we have

E(�̂ � j� n ) = bn (�̂ ) and Var(�̂ � j� n ) = vn (�̂ ):

First considerthe bias of the bootstrap estimator �̂ B and note that

E(�̂ B ) = E
n

E(�̂ B j� n )
o

= E
h
2�̂ n �

n
�̂ n + bn (�̂ )

oi
= � + bn (� ) � E f bn (�̂ )g:

24



We needto show

Ef bnl (�̂ )g � bnl (� ) = of bnl (� )g: (A.14)

Choose� n (x) = bnl (x), r = 1, N = 2, k = 1, K = 2, � n;N = O(� nl ) and � n;K = 1 in

Lemma 12. Then Ef b(0)
nl (�̂ )g � b(0)

nl (� ) = Of (� nl + � 2
nl )

1=2g = o(1)

which readily leadsto (A.14) and the �rst conclusionof the theorem.

Applying the Lemma in a similar fashion,we have

Ef b2
nl (�̂ )g = b2

nl (� ) + o(� 2
nl ); (A.15)

Ef vnl (�̂ )g = vnl (� ) + of vnl (� )g (A.16)

Let us now considerthe varianceof �̂ B . Note that

Var(�̂ B ) = Var
n

E(�̂ B j� n )
o

+ E
n

Var(�̂ B j� n )
o

= Var
n

�̂ � bn (�̂ )
o

+ E
�

1
NB

Var(�̂ � ;1)
�

= Var
n

�̂ � bn (�̂ )
o

+
1

NB
E

n
vn (�̂ )

o

From (A.16) and by choosingNB largeenough,N � 1
B E

n
vn (�̂ )

o
= of vn (� )g: Note that (A.14)

and (A.15) meanthat

Varf bnl (�̂ )g = Eb2
nl (�̂ ) � E 2f bnl (� )g = Of b2

nl (� )g + of vnl (� )g = of vnl (� )g:

This and the Cauthy-Schwartz inequality lead to jCovf �̂ nl ; bnl (�̂ )gj = of vnl (� )g. Hence

Var
n

�̂ nl � bnl (�̂ )
o

= Var(�̂ nl ) + of vnl (� )g. This establishesthe secondpart of the theorem.
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(a) CIR Model 1
� � � 2

True Value 0:892 0:09 0:033
Bias (A. Bias) 0:464(0:452) 2:4 � 10� 4(4:3 � 10� 4) 8:7 � 10� 4(3:5 � 10� 4)

n = 120 R Bias (%) 52:005 0:270 2:661
SD (Asy. SD) 0:627(0:497) 0:020(0:021) 0:005(0:004)

RMSE 0:780 0:020 0:005
Bias (A. Bias) 0:179(0:180) 2:2 � 10� 4(1:7 � 10� 4) 5:8 � 10� 4(3:5 � 10� 4)

n = 300 R Bias (%) 20:107 0:250 1:778
SD (Asy. SD) 0:334(0:314) 0:012(0:013) 0:003(0:003)

RMSE 0:380 0:012 0:003
Bias (A. Bias) 0:107(0:108) 6:4 � 10� 5(1:0 � 10� 4) 4:9 � 10� 4(3:5 � 10� 4)

n = 500 R Bias (%) 12:037 0:070 1:510
SD (Asy. SD) 0:247(0:243) 0:009(0:01) 0:002(0:002)

RMSE 0:269 0:009 0:002
Bias (A. Bias) 0:025(0:027) 3:5 � 10� 5(3:0 � 10� 5) 3:5 � 10� 4(3:5 � 10� 4)

n = 2000 R Bias (%) 2:805 0:039 1:061
SD (Asy. SD) 0:112(0:121) 0:005(0:005) 0:001(0:001)

RMSE 0:115 0:005 0:001

(b) CIR Model 2
� � � 2

True Value 0:223 0:09 0:008
Bias (A. Bias) 0:509(0:452) 1:2 � 10� 3(1:7 � 10� 3) 1:5 � 10� 4(2:9 � 10� 5)

n = 120 R Bias (%) 228:251 1:343 1:796
SD (Asy. SD) 0:507(0:242) 0:036(0:042) 0:001(0:001)

RMSE 0:719 0:036 0:001
Bias (A. Bias) 0:185(0:180) 9:2 � 10� 4(7:0 � 10� 4) 8:7 � 10� 5(2:9 � 10� 5)

n = 300 R Bias (%) 82:836 1:018 1:062
SD (Asy. SD) 0:222(0:153) 0:025(0:026) 0:0007(0:0006)

RMSE 0:289 0:025 0:001
Bias (A. Bias) 0:108(0:108) 3:7 � 10� 4(4:1 � 10� 4) 5:5 � 10� 5(2:9 � 10� 5)

n = 500 R Bias (%) 48:612 0:408 0:669
SD (Asy. SD) 0:148(0:118) 0:019(0:02) 0:0005(0:0005)

RMSE 0:183 0:019 0:001
Bias (A. Bias) 0:025(0:027) 9:2 � 10� 5(1:0 � 10� 4) 2:9 � 10� 5(2:9 � 10� 5)

n = 2000 R Bias (%) 11:145 0:1020:346
SD (Asy. SD) 0:058(0:060) 0:009(0:01) 2:6 � 10� 4(2:5 � 10� 4)

RMSE 0:063 0:009 2:6 � 10� 4

Table 1: Bias, Relative bias(R.bias), standard deviation(SD) and the root mean squared
error(RMSE) of the pseudo-likelihood estimator for the CIR models; �gures inside the
parenthesesare thosepredicted by the theoretical expansionsin Theorem2.
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(a) VasicekModel 1 and CIR Model 1
�̂ �̂ J �̂ B �̂ �̂ J �̂ B

Bias 0:481 � 0:120 0:001 0:464 � 0:122 0:002
n = 120 R Bias (%) 56:039 14:941 0:118 52:005 13:650 0:178

SD 0:659 0:767 0:623 0:627 0:730 0:651
RMSE 0:816 0:778 0:623 0:780 0:739 0:651
Bias 0:181 � 0:026 � 0:003 0:179 � 0:027 � 0:004

n = 300 R Bias (%) 21:082 3:070 0:406 20:107 3:094 0:447
SD 0:329 0:353 0:321 0:334 0:365 0:326

RMSE 0:375 0:354 0:321 0:380 0:366 0:326
Bias 0:111 0:005 0:001 0:107 � 0:008 0:007

n = 500 R Bias (%) 12:880 0:586 0:073 12:037 0:842 0:826
SD 0:240 0:250 0:235 0:247 0:257 0:245

RMSE 0:265 0:250 0:235 0:269 0:257 0:245

(b) VasicekModel 2 and CIR Model 2
�̂ �̂ J �̂ B �̂ �̂ J �̂ B

Bias 0:507 � 0:112 0:032 0:509 � 0:088 0:030
n = 120 R Bias (%) 236:344 51:974 14:774 228:251 39:283 13:579

SD 0:519 0:645 0:510 0:507 0:623 0:501
RMSE 0:726 0:655 0:511 0:719 0:630 0:502
Bias 0:191 � 0:029 0:002 0:185 � 0:032 0:008

n = 300 R Bias (%) 88:985 13:465 0:829 82:836 14:428 3:461
SD 0:221 0:261 0:219 0:222 0:265 0:226

RMSE 0:292 0:262 0:219 0:289 0:267 0:226
Bias 0:114 � 0:011 0:002 0:108 � 0:0161 0:003

n = 500 R Bias (%) 53:033 5:230 0:861 48:612 7:209 1:325
SD 0:150 0:170 0:147 0:148 0:167 0:150

RMSE 0:189 0:171 0:147 0:183 0:168 0:150

Table 2: Comparisonsof bias correctionsfor the Vasicekand CIR Models, �̂ J and �̂ B are,
respectively, the jackknife and bootstrap bias correctedestimators for � .
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CIR model 2
�̂ �̂ �̂ 2 �̂ J �̂ B

True Value 0:223 0:09 0:008 0:223 0:223
Bias 0:494 0:004 1 � 10� 4 � 0:072 0:035

n = 120 R Bias (%) 221:684 4:778 1:507 32:412 15:559
SD 0:490 0:058 0:001 0:596 0:514

RMSE 0:696 0:058 0:001 0:601 0:516
Bias 0:180 0:001 6 � 10� 5 � 0:035 0:013

n = 300 R Bias (%) 80:559 1:349 0:700 15:803 5:618
SD 0:223 0:0262 0:001 0:262 0:234

RMSE 0:286 0:0262 0:001 0:265 0:234
Bias 0:1001 7 � 10� 4 4 � 10� 5 � 0:022 � 0:003

n = 500 R Bias (%) 45:279 0:834 0:478 9:806 1:493
SD 0:147 0:019 0:001 0:166 0:151

RMSE 0:178 0:019 0:001 0:167 0:151

Table 3: Parametersestimation and bias correction for CIR Model 2 basedon the approxi-
mated likelihood method of A•�t-Sahalia (1999).
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Bivariate Feller Process
n = 120 � 11 � 21 � 22 � 1 � 2 � 2

1 � 2
2

True Value 0:223 0:4 0:9 0:09 0:08 0:008 0:03
Bias 0.478 0.396 0.531 0.001 -0.0001 -0.0002 -0.0006

(0.101) ( 0.168) ( 0.187) (0.0001) (-0.001) (-0.0001) (-0.0005)
Rbias(%) 214.48 98.948 88.442 1.537 0.147 2.68 2.141

(45:227) (41:948) (31:086) (0:135) (1:273) (1:245) (1:672)
SD 0.468 0.584 0.561 0.037 0.036 0.001 0.0041

(0:543) (0:846) (0:696) (0:037) (0:037) (0:001) (0:004)
RMSE 0.669 0.705 0.772 0.037 0.036 0.001 0.0042

(0:553) (0:863) (0:721) (0:037) (0:037) (0:001) (0:004)
n = 300 � 11 � 21 � 22 � 1 � 2 � 2

1 � 2
2

Bias 0.174 0.08 0.206 0.002 -0.0009 � 9 � 10� 5 � 7 � 10� 5

(-0.003) (0.064) (-0.006) (0.002) (-0.0012) (� 1 � 10� 5) (-0.0002)
Rbias(%) 78.048 20.048 34.368 2.131 1.12 1.06 0.219

(1.266) (15.890) (1.006) (1.710) (1.499) (0.164) (0.776)
SD 0.212 0.304 0.303 0.026 0.023 0.0006 0.0027

(0.208) (0.297) (0.288) (0.026) (0.023) (0.0007) (0.0027)
RMSE 0.275 0.314 0.366 0.026 0.023 0.0007 0.0027

(0.208) (0.303) (0.288) (0.026) (0.023) (0.0007) (0.0027)
n = 500 � 11 � 21 � 22 � 1 � 2 � 2

1 � 2
2

Bias 0.102 0.017 0.115 3 � 10� 5 0.000423 � 5 � 10� 5 0.0002
(-0.003) (0.024) (-0.013) (1 � 10� 5) (� 8 � 10� 5) (� 6 � 10� 6) (-0.0001)

Rbias(%) 45.52 4.271 19.087 0.035 0.528 0.656 0.64
(1.227) (6.102) (2.163) (0.012) (0.099) (0.077) (0.359)

SD 0.148 0.22 0.214 0.021 0.018 0.0005 0.0024
(0.147) (0.227) (0.206) (0.021) (0.019) (0.0005) (0.0021)

RMSE 0.179 0.22 0.243 0.021 0.018 0.00048 0.0024
(0.147) (0.228) (0.206) (0.021) (0.018) (0.00048) (0.0023)

Table 4: Bias, Relative bias(R.bias), standard deviation(SD) and the root mean squared
error(RMSE) of the pseudo-likelihood estimator for a Bivariate Feller's Process;�gures in

parenthesesare those for the bootstrap bias corrected estimators.
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(a) Under VasicekProcess
�̂ �̂ �̂ 2 P̂ Ĉ

Estimates 0:261 0:07 0:0005 0:846 3:03
Estimated Bias 0:125 2 � 10� 5 2 � 10� 6 � 0:004 � 0:313

Bootstrap Estimates 0:136 0:07 0:0005 0:852 3:67
dSD(Asy:SD) 0:17(0:12) 0:015(0:014) 3:5 � 10� 5(3:4 � 10� 5) 0:015 1:146

(b) Under CIR Process
�̂ �̂ �̂ 2 P̂ Ĉ

Estimates 0:146 0:07 0:0043 0:852 2:64
Estimated Bias 0:127 8 � 10� 4 3 � 10� 5 � 0:004 � 0:294

Bootstrap Estimates 0:018 0:069 0:0043 0:860 3:39
dSD(Asy:SD) 0:152(0:11) 0:02(0:02) 3:0 � 10� 4(3:0 � 10� 4) 0:014 0:996

Table 5: Results for a casestudy: P̂ and Ĉ are the estimated prices for the discount bond and
Europeancall option respectively; Estimated Bias, Bootstrap Estimatesand dSD arerespectively the
bootstrap estimate of the bias, the bootstrap bias correctedestimate and the bootstrap estimation
of the standard deviation; �gures in parenthesesare the asymptotic standard deviation (Asy.SD)
basedon the leading order variance given Theorems1 and 2.
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