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ABSTRA CT

This paper considersparameterestimation for cortinuous-timedi usion processesvhich are
commonlyusedto model dynamicsof nancial securitiesincluding interest rates. To under-
stand why the drift parametersare moredi cult to estimatethan the di usion parameteras
obsened in many empirical studies, we dewelop expansionsfor the bias and variance of pa-
rameter estimatorsfor two mostly employed interest rate processesA parametric bootstrap
procedureis proposedto correct biasin parameterestimation of generaldi usion processes.
Simulation studiescon rm the theoretical ndings and shaw that the bootstrap proposalcan
e ectively reduceboth the bias and the meansquareerror of parameter estimatesfor both
univariate and multiv ariate processesThe advantagesof using more accurateparameteres-
timators when calculating various option pricesin nance are demonstratedby an empirical

study on a Fed fund rate data.
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1. INTRODUCTION

Di usion processedhave long beenusedto model stochastic dynamics arising in physics,
biology and other natural sciences.Onelatest surgeof intereston theseprocessesomesfrom

molecular biology in modeling the dynamics of proteins as part of an e ort to understand
how energytransfer and corversionhappenwithin biological cells. Perhapsthe mosteminen

useof thesecortinuoustime stochastic processe the last three decadeshasbeenin nance

following the works of Merton (1971) and Black and Sdoles (1973) which establishedthe

foundation of option pricing theory in nance. Since then, there has been phenomenal
growth of nancial products and instruments poweredby theseprocessess documerted in

Sundaresan(2000).

Along with this wide rangeusageof di usion processedn various elds, there are growing
needsand interestsin parameterestimation and model testing for di usion processeswhich
have beenlargely encouragedy easilyavailable datain nancial applications. SeelLo (1988),
Bibby and S rensen (1995), Ast-Sahalia (2002), Ast-Sahalia and Mykland (2003) and Fan
(2005) for discussionsand overviews.

An important application of di usion processess in modeling short-term interest rates,
which are fundamertal quartities in nance as they de ne excessassetreturns and risk
premiums of other assetsand their derivative prices. A commonly usedfamily of di usion

processedor the interest rates dynamicsis
dXt = ( Xt)dt + (Xt) dBt, (11)

where , , and arepositive parameters. The linear drift prescribesa mean-rewersionof
X toward the longterm mean at aspeed . The diusion function (X;) canaccommo-
date a rangeof pattens in volatility as X, getslarger. Important membersof this family are
the Vasicekmodel (Vasicek,1977)with = 0 and the CIR model (Cox, Ingersoll,and Ross,
1985)with = 1=2. Both Vasicekand CIR models are commonly usedin nance due to
(i) both have simple and attractive nancial interpretations; and (ii) both admit close-form

solutions. The latter facilitates explicit calculationsof various option prices.
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Despite the critical rolesplayed by theseinterest-rate processest is well known empiri-
cally that estimation of the drift parameters and canincur large bias and/or variability,
seefor instance Ball and Torous (1996) and Yu and Phillips (2001). This is the casefor
virtually all the commonly used estimation approades including the maximum likelihood
estimation. The problem exasperateswhen the processis lack of dynamicswhich happens
when is small. Interest rates typically exhibits lessamourt of changesthan stocks, and
is typically lack of dynamics. Indeed, as reported in Phillips and Yu (2005) and our sim-
ulation study, the maximum likelihood estimator for can have more than 200%relative
bias even the processesre obsened monthly for more than 10 years. This is rather serious
aspoor qualitativ e estimatescan produce se\erely biasedoption pricesand serious nancial
consequences.

In this paper, we rst investigatethe above empirical phenomenaby deweloping expan-
sionsto the bias and variance of estimators for the Vasicekand CIR processes.The bias
and variance expansionsreveal that, for ead process,(i) the bias of the estimator is of a
larger order of magnitude than the bias of estimators for the other drift parameter and
the di usion parameter 2; (ii) the variancesof the estimators for the two drift parameters

and are of larger order than that of the estimator of 2. Theseexplain why estimation
of incurs more bias than the other parametersand why the drift parameter( and )
estimatesare more variable than that of the di usion parameter 2.

We then proposea parametric bootstrap procedurefor bias correction in parameter es-
timation of generaldi usion processes.Both theoretical and empirical analysisshow that
the proposedbias correction e ectiv ely reducesthe bias without in ating the variance. We
demonstratein numerical simulations that the proposedbootstrap procedurecan be com-
bined with a range of parameterestimatorsincluding the appraximate likelihood estimation
of Ast-Sahalia (2002).

The paper is structured as follows. Section?2 outlines parameter estimators usedin our
analysis. The expansionson the bias and variance of the estimators for Vasicekand CIR

processesre presetted in Section3. Section4 outlines the bootstrap bias correction with
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justi cations. Simulation results are reported in Section5. Section6 analyzesa data set of
Fed fund rates and we useit to demonstrate(i) the e ect of parameterestimation on option
pricesand (ii) how to carry out bias correction for option prices. All technical details are

deferredto the Appendix.

2. PARAMETER ESTIMATION FOR DIFFUSION PROCESSES
2.1 A GeneralOverview
A d-dimensionalparametric di usion processfX; 2 Rt 0g is de ned by the following

stochastic di erential equation
dX¢ = (X5 )dt+ (Xy; )dBy; (2.1)

where is a g-dimensionalparameter, (; ):R%! R%and (; )=( j)a p> 0:RY!
RY P are respectively drift and di usion functions represeting respectively the conditional
mean and variance of the in nitesimal changeof X; at time t, and B, is a p-dimensional
Brownian motion. The existenceand uniquenessof the processf X;t  0Og satisfying (2.1)
and its probability properties are given in Stroock and Varadhan (1979).

A unique feature of statistical inferencefor di usion processess that despitethesepro-
cessesre cortinuous-time stochastic models, their obsenations are made only at discrete
time points, say at n equally spacedft gi,. Here is the samplinginterval and can be
made very small that corresppndsto high-frequencydata. Let Xq;X ; X, be discrete
obsenations from process(2.1) at equally spacedtime points ft g, over a time interval
[0; T] whereT = n . To simplify notation, we write theseobsenations asf Xgi., by hiding

whene\er doing so doesnot lead to confusion.

As adi usion procesds Markovian, if its transitional density is known, the maximum like-
lihood estimation (MLE) is the natural choicefor parameterestimation. Howewer, for many
di usion processestheir transitional distributions are not explicitly known which prevens
the useof the MLE. In thesecases,seeral methods are available, which include the mar-

tingale estimating equation approad by Bibby and S rensen (1995); the pseudo-Gaussian
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likelihood approad of Nowman (1997); the GeneralizedMethod of Momens (GMM) es-
timator of Hansenand Sdceinkman (1995); and the approximate likelihood approad of
Ast-Sahalia (2002). Ast-Sahalia and Mykland(2003 and 2004) considerlikelihood and the
GMM basedestimation when is random and quartify its impacts on parameterestimation.

Nonparametric estimatorsfor the drift and di usion functions have beenalso proposed,
which include the kernel estimator by Ast-Sahalia (1996) and Stanton (1997), and the semi-
parametric estimators of Jiang and Knight (1997). Fan and Zhang (2003) examine the
estimators of Stanton (1997) and analyze the e ects of high order stochastic expansions
on estimation. Bandi and Phillips (2003) considertwo stage kernel estimation of the drift
and di usion functions, replacing the strictly stationary assumptionwith wealer recurrert
Markov processesSeeCai and Hong (2003) and Fan (2005) for reviews.

We assumethroughout the paper that asn! 1
iy ' 0 (i)T! 1 and (ii)T ¥*1 1  for somek > 2: (2.2)

The rst two assumptionsimply that the samplinginterval gets ner and the total obser-
vation time goesto innit y asn! 1 . The last part of the assumptionis usedto bound

various remainderterms in momert expansions.

2.2 Estimation for VasicekProcess

The Vasicekprocesssatis es the univariate stochastic di erential equation
dX;= ( Xydt+ dB(t): (2.3)

It is the Ornstein-Uhlerbed processand was proposedby Vasicek(1977) for interest rate

dynamics. The conditional distribution of X; given X; 1 is

XijX¢ 1 N Xpq6 + (1 e )52 (1 e?)



and the stationary distribution of is N ( ;% 2 1), The conditional mean and variance of

X given X, ; are

E (XiXt 1) X6 + (1 e )= (Xia1) and (2.4)

Var(X(jX; 1) = 22 (1 e?): (2.5)

Let (x) bethe density function of the standard normal distribution N (0;1). Then, the
likelihood function of = (; ; ?)is
1p_ ¥ 1p
L() = 2 (Xo ) 2 (1 e? ) Xy (Xedg:

t=1

The maximum likelihood estimators (MLE) are

A= Ylog("y); ~=", and ~=20"a )¢ (2.6)
where

P P P

Al _ nt in:]DxiXi 1 N 2 inBlXi i"lei 1. (27)
IQ VL XEL on2( L X )2 ’ .
170 ox. MX

L Y AT YA TR R (2.8)

1
A 1)@ N n NN 2.
3 = N fXi 1Xi 1 201 "1)g% (2.9)

i=1
The conditional meanand variance(2.4) and (2.5) suggestthat the discreteobsenations
f X0, follow an AR(1) processwith ; = e asthe auto-regressiecoe cient. As ;! 1

when ! 0, we are having a near unit root situation. Our analysisshaws that

4 3 7
BV Gt

+on? +nt): (2.10)

Herethe biasof " is cortrolled by two forcesof asymptotic: andn, dueto the continuous-
time nature of the process.The expansion(2.10) echoesan expansion

1+3 4

E(") = 1 +0(n ?) (2.11)

given by Marriott and Pope (1954) and Kendall (1954) for discrete-time AR(1) model when

is treated as xed.



2.3 Estimation for CIR Process

A CIR (Cox et al., 1985)di usion processsatis es
o J—
dX;= ( Xy)dt + XdB(t); (2.12)

with2 =2>1 Letc=4 21 e ) 1, thetransitional distribution of cX; givenX; ;

is non-cerral  ?( ) with the degreeof freedom = 4 2 and the non-certral componert
= cX; 1€

The conditional meanis the samewith (2.4) of the Vasicekprocess.Howeer, dueto the

heteroscedasticy in the di usion function, the conditional variancebecomes

Var(X¢jX; 1) = 2 2 Y1 e )2+ Xy12 e e?): (2.13)

Sincethe non-certral  2-density function is an in nite seriesinvolving certral 2 densities,
explicit expressionof the MLEs for = (; ; 2) is not available. To gain insight on the
parameterestimation, we considerpseudo-litelihood estimatorsproposedby Nowman (1997),
which admit closeform expressions Nowman employed a method of Bergstrom (1984) that

appraximates the CIR processhy
P
dX; = ( Xy)dt + XmdB(t) for t2[m ;(m+ 1)) (2.14)

which discretizesthe di usion function within ead [m ;(m+ 1) ) by its value at the left end
point of the interval while keepingthe drift unchanged,instead of discretizing the Brownian
motion asin the corverntional Euler appraximation.

Without confusionin the notation, let f X g, be obsenationsfrom procesg2.14). Then,

they satisfy the following discretetime seriesmodel
Xt =e Xt 1+ (1 e )+ t (215)

whereE( ;)= 0,E( )= 0ift6sandE()=12 (1 e? )X 1= (X¢ 1 ). By
pretending ; to be Gaussiandistributed, a pseudolog-likelihood

X0
()= slogf (X¢ 15 )9+ 3 *(Xi 1) X¢ e X 1 e ) (2.16)

2
t=1



is obtained which leadsto pseudo-MLEs

1 N A 2 2AA3
N = log("1); ~= ", and ~°= ~
1 1
where
P P
2 n n 1 1 1
A= n =1 %p = Xep D =1 XX 7,
' n n 1 ’
n2z o Xe1 g X7 1
n 1P XX, L "
N t=1 NMtAMt 1 1 and
2 1 “)nt "ox t
( 1)n t=1 t 1
Xnn 0,
N _ 1 N N N 1
3 = N Xe Xt11 2(1 1) th
t=1

(2.17)

(2.18)

(2.19)

(2.20)

We emphasizeherethat the discretizedmodel (2.14) is usedonly to producethe estima-

tors. It is the original CIR model (2.12) that is usedwhen we analyzetheir properties.

3. MAIN RESULTS

We rst report our investigation on the MLEs of the Vasicekprocess.
Theorem 1 For a stationary Vasicek processand under Condition (2.2),

E(A): + 4=T 4n l+7:(T2) +0(n 1+T 2)'
Var(®) = 2=T + o(T 1);

E(")= +0oT ?); Var(")= 2 2=T+oT Y,

E(*>= 2+0(n?Y and Var(®®» =2 % '+ on Y):

Theorem 1 reveals, rst of all, that the leading order bias of  is 4=T, and the leading

order relative biasis 4=( T ), which getslarger as gets smaller (weaker mean-re\erting).

Secondly the leading order variance of » and ~ are both of 1=T, which are larger order

than 1=n, the order of Var(~?). Hence,estimation for the two drift parametersare much

more variable than 2. Thesecon rm the commonly obsened empirical bias behavior in

-estimation as well as larger variability in the drift parameter estimation. The theorem

alsorevealsthat despite ™ having a larger order variance, it is almost unbiased. At the same
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time, cortrary to the di culties in estimating the drift parameters,estimation of 2 enjoys

both smaller bias and lessvariability as having beenobsened in various empirical studies.
The results on the pseudo-MLEsfor the CIR processare summarizedbelow

Theorem 2 For a stationary CIR process,and under Condition (2.2) and2 =2 2,

E(")= + 4+ 2 T Y+ oT b, (3.1)
Var(?) = (2—1)2 4+ 1 T +0oT Y (3.2)
2 22
E() = + ( 1) nt+o(nh); Var(") = ( 1) 2 T '+0oT %) (33
E(*)= 2 ﬁ+ o(n?t; var(*®= 4 2 % n 1+ o(n 1)(3.4)
whee =2 =2and =2= 2

Theorem2 revealssimilar featuresto thoseby Theorem 1 for the Vasicekprocess.These
include (i) the leading order bias of » is still T ; (i) estimation of and still incurs
a larger order variance as comparedto the estimation of 2. A dierence is in the bias
of A2, which is at the order of . This can be understood as a result of the piece-wise
discretization of the di usion function usedin (2.14). We notethat 2 = 2 2 is needed
to ensureterms with X; *X; * having bounded expectations.

An important messagdrom Theoremsl and 2 is that it is T, the total obsenation time,
rather than the samplesize n, that cortrols the bias and/or variance in estimation of
and . Our analysisis ertirely basedon ead cortinuous-time processunder consideration,
and improvesthe heuristic justi cation usedin Phillips and Yu (2005) which are basedon
resultslike (2.11) from discrete-time series. And most importantly, the resultsin thesetwo

theoremsnicely explain various empirical results reported in the literature.

4. BOOTSTRAP BIAS CORRECTION

Giventhe explicit biasexpansionin Theorem1, a simplebias correctionfor » for the Vasicek

processs”; = *  4=T: This will remove the leadingorder biaswithout altering the variance.
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The samemay be applied to the CIR processby constructing

2 .
1

where " = 2AA=A2_ The limitation of this approad is that it would not be applicable to
other processesinlesssimilar bias expansionsare established.

In asigni cant developmen, Phillips and Yu (2005) proposea jackknife method to correct
bias in parameter estimation of di usion processes.Their proposal was motivated by the
bias expansions(2.11) establishedfor discretetime series. It consistsof rst dividing the
ertire sampleof n obsenations into m consecutiv non-overlapping blocks of obsenations
of sizel sudh that n = ml; and then construct parameter estimators basedon eat block
of obsenations, say ™ for the i-th block. The jackknife estimator that correctsbiasin an

.« . “ AN
original estimator " is P

m A
A _ M A i=1 .

" m 1 m m

They suggestedusing m = 4 which was shovn numerically to produce the best trade-o
betweenbias reduction and variancein ation.

In corventional statistical settings, it is understood (Shaoand Tu, 1995)that the jackknife
tends to in ate variance more than the bootstrap when both are usedfor bias correction.
Indeed, as shavn in our simulations, although using m = 4 has reducedthe variance of
the jackknife estimator as opposedto using m = 2, the variance can still be much larger
than the original estimator. This may be due to that dividing the data into shorter blocks
reducesthe obsenation time which hasbeenshownn in Theoremsl and 2 to be the key force
in in uencing the variability in the estimation of the drift parameters.

We proposea parametric bootstrap procedurefor bias correction. The bootstrap (Efron,
1979)hasbeenshownn to be an e ective method for bias correction and variance estimation
for both independert and dependen obsenations as summarizedin Hall (1992) and Lahiri
(2003). Although our analysiswas con ned to the two speci ¢ processesn the previous
section, the proposed bootstrap bias correction is applicable to the general multiv ariate

di usion process(2.1).
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Let " be a meansquareconsisten estimator of . The parametric bootstrap procedure
consistsof the following steps:

Step 1. Generatea bootstrap samplepath fX, g.; with the samesampling interval
from dX; = (X )dt+ (X DdBy;

Step 2. Obtain a new estimator ™ from the bootstrap samplepath by applying the same
estimation procedureas "

Step 3. Repeat Stepsl and 2 Ng number of times and obtain a setof bootstrap estimates

Nl - N Ng -

P
Let * = Nzt }& " the bootstrap bias-correctedestimatoris 5 = 2" " and the
bootstrap estimatesfor the varianceof " is
Xe 0

ar(") = Ng* AE A
b=1

Here A° denotesmatrix transpose.
In the above Step 1, we rst generatean initial value of X, from the stationary marginal
distribution. For a univariate process,the stationary density is known to be
Z
() 2.t )
2(%; ) xo ()

If the transitional distribution of X; given X; 1) is known, we can generateX, given

dt

X from that distribution. If the transitional distribution is unknown, we can usethe

(t 1)
approximate transitional density of Ast-Sahalia(1999). We may also apply the Milstein

scheme(Klo edenand Platen, 2000)which is more accuratethan the rst-order Euler scheme.

The bootstrap bias correction method sharessomekey featuresof the jackknife method,

for instanceit can be applied to a generaldi usion process(univariate or multivariate),

and for a range of estimatorsincluding the MLE, the pseudo-MLE and discretization based
estimators. The bootstrap bias correctionis justi ed in the following theorem. Before that,

let us introduce somenotations.

Let =(1; ; p)' beavectorof parametersof the generaldi usion process(2.1), and

= (Y ;'\p)T be a consisten estimator of . Write the bootstrap bias correctedestimator
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"% = (51 ;"Bp)T. Forl=1 ;pletby()=E(w) andvy()= Var('n) bethe

bias and variance componerts of "} respectively, and

bu( )= wbP() and vu()= V()

sothat both jbffl’)( )j andjvf]?)( )j areuniformly boundedaway from 1 and zerowith respect
tonand . Henceboth |, and . arethe exactordersof magnitudefor the biasand variance

of | respectively.

Theorem 3 Supmsethat for eachl = 1; ;p, (i) 23+ o ! OasbothnandT! 1
and (i) BY( ) and v¥( ), as functions of , are twice continuously di er entiable within a

hypersphee S in RP that contains the real parameter ; and (iii) Ef (ﬁ’)('\)gz = O(1). Then,
E("s)= 1+ ofbu()g and Var(“e) = va( )+ of va( )g: (4.1)

The theorem shows that the proposedbootstrap estimator "s reducesthe bias of the
original estimator " while having the same leading order variance as ”. The conditions
of the theorem are quite weak, which are no more than the mean square consistert and
di erentiabilit y of the bias and variancefunctions near . Theseare satis ed by most of the

commonly usedestimators, for instancethose evaluated in Theorems1 and 2.

5. SIMULATION STUDIES
We report in this sectionresults from simulation studieswhich were designedto (i) con rm
the theoretical ndings of Theorems1 and 2, (ii) ewvaluate the performanceof the proposed
bootstrap bias correction, and (iii) comparethe bootstrap proposalwith the jackknife bias
correction proposedby Phillips and Yu (2005). In the simulation studies, both univariate
(Vasicekand CIR processeshnd bivariate processesvere consideredas well as a range of
parameter estimators. All the simulation results reported in this sectionwere all basedon

5000simulations and 1000bootstrap resamples.
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5.1 Univariate Processes
To con rm the theoretical resultsgivenin Theoremsl and 2, we simulated two setsof models
for both Vasicekand CIR processes.The parameter values used for the Vasicek process
were = (; ; ?) = (0:8580:08910:00219)(VasicekModel 1) and (0:215 0:0891, 0:0005)
(VasicekModel 2). For the CIR processthe parameter = (; ; 2) = (0:892 0:09; 0:033)
(CIR Model 1) and (0:223 0:09; 0:008) (CIR Model 2) respectively. Both Vasicek Model
2 and CIR Model 2 have only a quarter of the mean-reerting force of Vasicek Model 1
and CIR 1 respectively. We chose = 1=12 that correspndsto monthly obsenations in
annualized term. The samplesize n was 120, 300, 500 and 2000. The purpose of trying
n = 2000was to conrm the asymptotic bias and variance deweloped in Theorems1 and
2. As the transitional distribution of thesetwo processesare known, the simulated sample
paths weregeneratedfrom the known transitional distribution with the initial value X, from
their known stationary distributions respectively. We only report the simulation results for
the CIR modelsasthe pattern of results for the Vasiceksimulation wasthe same.

Tables 1 report the averagebias, relative bias (R. Bias), standard deviation (SD) and
root meansquareerror (RMSE) for the two CIR models. We alsoreport in parerthesesthe
asymptotic bias and standard deviation prescribed by expansionsn Theorem?2. We obsene
that the sewerebiasin estimation wasvery clear, esgecially whenthe amourt of the mean
reverting wasweak (Tables1(b)). At the sametime, there waslittle biasin the estimation of

and the overall quality in estimating 2 wasvery high even for samplesizeassmall as120.

Theseall con rmed our theoretical ndings. We nd the di erence betweenthe simulated
bias and SD and those predicted by the theoretical expansionsdecreasecasn and T were
increased,and was very small at n = 2000, which was reassuring.

We then applied the bootstrap bias correctionto estimation of for the Vasicekand CIR
models. The jackknife approad proposedby Phillips and Yu (2005) was also performed
with m = 4. The simulation results are summarizedin Tables2. We seethat the bootstrap

bias correction e ectiv ely reducedthe bias without increasingthe varianceof the estimation
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much. Howewer for the jackknife bias correction, there was some non-ignorable variance
in ation. The bootstrap bias correction had lessRMSE than the jackknife bias correction
aswell asthe original estimator.

We alsocarried out estimation and bootstrap bias correction basedon the approximated
likelihood estimation of Ast-Sahalia(2002)for the CIR Model 2. This was designedto seeif
there weresigni cant di erence betweenthe appraximated MLEs and the pseudo-lilelihood
estimatorsof Nowman (1997)which we have analyzedin Theorem?2. The resultsarereported
in Table3, which weresimilar to the pseudo-lilelihood estimatorsin Table1 (b). Howewer, we
did seethat the useof the approximate likelihood did produce estimateswhich had slightly
smallerbias and standard deviation. Most importantly, the bootstrap bias correctionworked
well for the approximated likelihood in reducing both the bias and meansquareerror in -

estimation.

5.2 Multiv ariate Processes

To evaluate the general applicability of the proposedbootstrap procedure, we carry out

simulations for the following bivariate processes:

dX;= ( Xy)dt+  (X)dBy (5.1)
where
0 1 0 1 0 1 0 1
X 0 X 0
;=@ "A: =@" A, @'A and (x)=@"™* A
X2t 21 22 2 0 22X2t
with = 0 and 1=2 respectively. Here = 0 correspnds a bivariate Ornstein-Uhlerbed

processwhoseexact transitional density is known to be bivariate Gaussian,whereas = 1=2
correspndsto a bivariate extensionof the Feller's process.We will report only simulation
results for the bivariate Feller's processas those for the bivariate Ornstein-Uhlerbedk were
similar.

Unless ,; = 0, the transitional density of the bivariate Feller's processdoes not admit

an explicit form (Aet-Sahaliaand Kimmel, 2002). We considerestimation basedon the Euler
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discretization:

Xe Xe1= (0 X)) + (X 1) By (5.2)

where By = (By By 1;Bx By 1)°is adiscretization of the bivariate Brownian motion.
A pseudo-litelihood can be constructed similar to that of (2.16) from the conditional mean

and variancestructures:
EXyXt 1) = ( Xt 1) 3 and Var(XX; 1) = (Xy pdiag(; ) 0(Xt 1)

The approximation (5.2) is subject to a discretization error. Howeer, the pseudo-litelihood
estimator is consistert aslongas ! O.

We chose( 11; 21; 22; 15 25 115 22) = (0:223 0:4;0:9; 0:09; 0:08; 0:008 0:03): The gen-
eration of the bivariate di usion processwasvia the Milstein's scheme(Klo edenand Platen,
2000). We alsopre-runnedthe processl000times beforestarting the real simulation to make
the simulated samplepath stationary.

Table 4 summarizesthe simulation performanceof the psudo-MLEs and the bootstrap
bias corrected parameter estimation. We obsene that similar to the univariate caseas
reported in Tables1 and 2, the estimators of the drift parametersin and had worse
performancethan the di usion parametersin . It is encouragingto seethat the bootstrap
worked e ectiv ely in reducingboth the bias and the meansquareerrors. The boostrap bias
correction did not working as e ectively asthosefor 1; and .. Howewer, our simulation
for the bivariate Ornstein-Uhlerbed processshowed that the bootstrap work well for all
coe cient including ;. Hence,this suggestghat it might be dueto the useof the pseudo-
likelihood that only usesthe conditional variancethat ignoresthe dependencebetweenthe
two marginal processes.We note that there was no needto carry out the bootstrap bias
correction for ( 1; ») and ( 11; 22). This is consisteh with the recommendationsfrom

Theoremsl and 2.
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6. A CASE STUDY AND OPTION PRICING
We analyzea Fed fund interest rate dataset consisting432 monthly obsenations from Jan-
uary 1963to Decenber 1998. This dataset has been analyzedin (Aet-Sahalia, 1999) to
demonstratehis approximate likelihood estimation.

In additional to estimatethe Vasicekand CIR processeswe computedtwo option prices
driven by thesetwo processesP.t ( ), the price of a zero-coumn-bond at time t that pays
$1lat amaturity time T; and C..1.s ( ), the price at time t of an European call option with
maturity T and a strike price K on a zero-coupn bond maturing at S > T. SeeVasicek
(1977)and Cox et al. (1985) for detailed expressionf thesetwo option pricesas functions
of parametersof an underlying interest rate process.

We rst estimatedthe parametersof the underlying di usion processeg$Vasicekand CIR)
by the maximum likelihood method and carried out the bootstrap bias correction. Then,
we calculatedthe option pricesP.t ( ) and Ci.t.sx ( ) basedon the estimated parametersof
the Vasicekor CIR processwith t = 0, T = 1, S = 3 and the initial interestrate at 5%. The
facevalue of the European Call option on a three year discourt bond was $100with a strike
price K = $90.

The parametric bootstrap wasusedto estimate both the bias of the parameterestimates
of the processand the option pricesaswell astheir standard deviationsbasedon 1000resam-
ples. The bootstrap implemertation for the option prices were readily made by extending
Steps2 and 3 in the procedureoutlined in Section4 to include computation of the option
pricesin ead resample. The empirical results are reported in Table 5. It is obsened that
the bootstrap bias estimates (Estimated Bias) were rather substartial in both ~ and the
option price €(0; 1; 3; 90). While the large biasin ~ wasexpectedfrom Theorems1 and 2, it
was rather alarming to seea large under-estimation (more than 10%)in €(0; 1; 3; 90). Also,
the bootstrap estimate of the standard deviation for both  and C(0; 1; 3; 90) were quite
large too. The large variability in the option price should be taken into considerationand

indicatesthe di culties in producing accurateestimated prices. The empirical analysisalso
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indicated that the European call option is more a ected by the biasedparameter estimates
for the underlying interest rate processthan the zero-coumn bond, which can be understood
due to di erent transformations of the underlying di usion parameters. We also supplied
in parerthesesthe estimated standard deviation basedon the leading order varianceterms

prescribed by Theorems1 and 2, which were all comparablewith the bootstrap estimates.

7. DISCUSSION

The estimation of the drift parametersin di usion processesasbeenknown to bechallenging
when the processis lack of dynamics. Our analysesreported in Theorems1 and 2 quartify
the underlying sourcesof the challengefor two commonly usedinterest rate processesOne
source of the challenge, apart from being lack of dynamics, is that the accuracyin the
estimation of the drift parametersis governed by T, the total amourt of time a process
is obsened, rather than the samplesizen. This is dierent from estimation for discrete
time seriesmodels where n is the driving force for accuracy A reasonfor the proposed
parametric bootstrap method working more e ectiv ely than the jackknife method is because
its re-creationof the full obsenation length in ead resamplingthat fully utilizes the amourt
of obsenation data available and the assumedmodel for the process.

While we have gainedquite completeunderstandingon parameterestimation for the two
popular processesn Theoremsl and 2, there is a needto understandmore on estimation for
multiv ariate processesin particularly estimation of parametersthat cortrol the correlation
betweencomponerts of the process.Another important issueis how to reducethe variability
in estimation of the drift parametersand the European call option. We hope that future

researt will addresstheseissues.
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APPENDIX: PROOFS
We will only presen the proofs of Theorems2 and 3 here. The proof of Theorem1 is very
similar to that of Theorem 2, but slightly easierasthe obsened samplepath is multiv ariate
normally distributed. Proof of Theorem1 aswell as more a detailed proof of Theorem 2 is

available from the authors.
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Pro of of Theorem 2: We rst note two basic facts regarding a samplef X;g; from a

stationary CIR process: (i) for any i;j 0,c XijX; 2( ) distribution where = 2%,

= CXJ el andc= W, and (||) Xt ( ; ) where = 2—2 and = 2—2
Let F(ayaiZ) = 5% koo & - rhiar be the hypergeometricfunction. It

can be shown using the above facts

X (=2 L, 12

l _—
E(XG ) K ¢ Tork 1

and (A.1)
k=0

E X' = E X, 'E X;jX; = i F(L;1; el 1) (A2

The function F (a;; ap; by Z) corvergesabsolutelyif b a; a, 0, thereforeE(X; 1Xj h<1
if 2. This is the reasonbehind assuming 2 in Theorem 2. Similarly, it can be

concludedthat

E X;iXiX; 4 = C(i;j)Sy for i<j and (A.3)
2
e @a e ) o
E X 0% X = 1t o F@L el for j<i g
iy — 2(1 _ P 1 P 1 +1+k+1
whereC (i.]) = Te )T el@ T D) ) Sij = k=0 1m0 D5D£ﬁ1

D:=e =e 1andD,=e U "D el 1D 1);

(D!
E X, X X, = —( e )+ for j<i 1 and (A4
E X, 1XiXj 1 = el "D c@a e )+ for j>i
R ) _ 2 2
where = =1 andC= — >+ (1 e )+—e +2e (1+e ) —5.

Let 1= E(Xy), 2= EXY, 3= EXX; %), 9= 12 zand 9= 1, 1.1t

canbeshovnthat ;= and ,= —, 3=E X %YE(X{X{ 1) = —2. Thenby
the de nition in (2.18)
o T T,y T T TuT 272
A1: _§+ _lgl 1;21_'_ _1g l022 110221+ 1;321 f1+ Op(l)g, (A5)
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X a 1 X 1
T = on (Xi 1)+ 1n Xj1 20 n (XiXi 1  a);
i=1 j=1 i=1
, X X 1
Tz = n (X ) (X3 2);
i=1 j=1
% X 1
Tor = 2n Xi1 1)+ 1N X;3 2 and
i=1 j=1
, X X 1
Tz = n Xi1 1) X570 2
i=1 j=1

It is clearthat E(T11) = E(T21) = 0. And it canbe shavn that E (X 1)(X; ! 2) =
( 1) el1 U :Then

0
E T—102 1-0222 = n?*e e )a )= 2n f1l+o(1)g; (A.6)
2 2

where
X o
fo( )= el D =p 11
j>i

The derivations of E (T11T»1) and E(TZ) needthe following resultswhich canbe obtained

2 240 2+n):

NI
=]

from (A.1) to (A.4),

2 ( XX XX )
n >-2E Xi X1 )+e Xi1 )X 1 1)
2 =1 =1 i=1 j=1
= 2n 1{1+ o(1)g; ) (A7)
2_% XX 1 1 —n 1 2 :
n 2 LE X5 A h D =0t flrale (A8)
2 i=1 j=1
( )
2 1 XX 1 1 — 1y.
n “—E (XiXi1 ) (X7 2) =on ) (A.9)
2 i=1 j=1
( )
2 2 XX 1 — 1
n “—kE XiX; 1 8)(Xj 1 ) =on ") and (A.10)
2 <‘=1 j=1
n 2-12E )@w(x- X, L + (X; X 1L
a o i )X (X DXy 2)
i=1 j=
X xo )
+ 2e Xi 1 (XY 2 =4n 1+ o(1)g: (A.11)
i=1 j=1
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We note from (A.5) that

2 2)@ X 2 2><] X 1 1
TuaT21= 35N Xi  )Xj 1 )+ In Xi1 22X 71 2)
i=1 j=1 i=1 j=1
2)@ X L 2)@
+ 12N Xi (X% 2+ 12 Xi 1 )X 7 2)
i=1 j=1 i=1 j=1
2)@ X 1 Z)QQI X 1 1
2N XiXi 1 @)Xy 1 1) an XiXi 1 &)X, 1 2)
i=1 j=1 i=1 j=1
and
2 2 ZX’] X 2 2>@ X 1 1
T = 2n (Xi 1 )(Xj 1 )+ In (Xi 1 2)(X; 1 2)
i=1 j=1 i=1 j=1
2X1 X 1
+ 23 9N Xi 1 X3 2k
i=1 j=1
Applying the resultsin (A.7) to (A.11), we have
012
e T110'|2'21 + 1121 =n?t 2+ +o(n 1):
2 2
This together with (A.5) and (A.6) then lead to
E(")= 1 nt 4+ f1+ o(1)g: (A.12)

To derive Var(";), we take variance operation on both sidesof (A.5) sothat

Var(T 2var(T 2
Var(/\l): gzll) + 1 ( 21)

0
; 2 g,;Cov(Tll;Tm) f1+ o(1)g:

Then we apply (A.7) to (A.11) to yield

Var(")=nt 4+

+o(n ) (A.13)

To establishthe bias and variance expansionsfor *, we note

N =

#
1 AN AN 2
- |Og( 1)+ ( 1 - 1) ( 12 21) + Opf(/\l l)3g :
1
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Applying the delta-methad, we have from (A.12) and (A.13)

N (/\ )2# n (0]
E(") = g 1 ! 21 +0 E(y )P
1 2 1
2 1 1
= + 4+ T *+0oT %) and
2 1
Var(®) = 4+ T '+ 0T Y):

Thesecomplete proving the part of the theoremregarding~. The proofs for ~ and 2 are
almostthe sameby rst carrying out Taylor expansiondor the estimatorsand then applying

thoseintermediate results given from (A.1) to (A.4) and from (A.7) to (A.11).
The proof of Theorem 3 needsthe following lemma.

Lemma 1 Let ", be an estimator of basel on n observations,b,( ) = E(") and
(i) For someintegerN 2, Ejj N jiN=0(n)whee ,n! Oasn! 1.
(i) For someK 1, Ef ,(Ng¢ = O( nk ) for a seguene of constantsf ,x g, 1.

Then, Ef K("Wg Ef &(")g=O( i + K & O™):

Pro of: It can be obtained by modifying the proof of Theorem A.2 of Sargan(1976). No-

ticeably we use ,n and .k to replaceT "R and T respectively in Sargan(1976).

P
Proof of Theorem 3: Recalls = " (© ") where” = Ny ", " and Ng is the

replication number of bootstrap resamples.Let , bethe -eld generatedby Xq;:::;X,.
As the bootstrap generateshe resamplesfor the parametric di usion processwhere” are
estimationsbasedon the resampledpath in the sameway as " basedon the original sample,

we have
EC"j ) =m(Y) and Var("j ») = v("):

First considerthe bias of the bootstrap estimator ’\B and note that

R n R 0 h,\ nA oi N
E(s) = E E(j ) =E 2% “W+b() = +m() Efa(Ng
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We needto show

Efb(Ng ()= ofbw()g: (A.14)

Choose n(X) = by(x), r =1, N=2k=1,K =2, n = O(n)and ,x = 1in
Lemma12. Then Efbffl’)('\)g q&?)( )=Of( w+ 32)¥g= 0o(1)
which readily leadsto (A.14) and the rst conclusionof the theorem.

Applying the Lemmain a similar fashion, we have

Ef(Ng= () + o 2); (A.15)
Efva (g = Vo ( )+ of v ( )g (A.16)

Let us now considerthe variance of AB. Note that

n (0] n
Var E("sj n) +E
n (0] 1
var * b() +E Svar(hh
n 0 1 II‘BI (0]
var © () + B wa()

B

0
Var("s) Var("sj n)

n 0
From (A.16) and by choosingNg largeenough,N; 'E vo(") = of vy( )g: Note that (A.14)

and (A.15) meanthat

Varfhy (Ng= ER (") E*by()g= Of§( )g+ of vy ( )g= of vy ( )g:

This and the Cauthy-Schwartz inequality lead to jCovf “y;bw(7)gj = of v ( )g. Hence
n 0

Var N bu(D) = Var(“w)+ of va ( )g. This establisheshe secondpart of the theorem.
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(@) CIR Model 1

2

True Value 0:892 0:09 0:033
Bias (A. Bias) 0:464(Q452) 2:4 10 %(4:3 104 87 10 435 10 %
n= 120 R Bias (%) 52005 0:270 2:661
SD (Asy. SD) 0:627(0497) 0:020(Q021) 0:005(Q004)
RMSE 0:780 0:020 0:005
Bias (A. Bias) 0:179(0180) 2:2 10 %(1:7 104 58 10 %4355 10 %
n = 300 R Bias (%) 20:107 0:250 1.778
SD (Asy. SD) 0:334(0314) 0:012(0013) 0:003(0003)
RMSE 0:380 0:012 0:003
Bias (A. Bias) 0:107(Q108) 6:4 10 °(1:0 10 %) 49 10 %4@3:5 10 %
n = 500 R Bias (%) 12037 0:070 1:510
SD (Asy. SD) 0:247(0243) 0:009(0Q01) 0:002(Q002)
RMSE 0:269 0:009 0:002
Bias (A. Bias) 0:025(0027) 3:5 10 °(3:0 10°) 35 10 43:55 10 %
n= 2000 R Bias (%) 2:805 0:039 1.061
SD (Asy. SD) 0:112(0121) 0:005(0005) 0:001(0001)
RMSE 0:115 0:005 0:.001
(b) CIR Model 2
2
True Value 0:223 0.09 0.008
Bias (A. Bias) 0:509(Q452) 1:2 10 °(1:7 10 % 1:5 10 %(2:9 10 ®)
n= 120 R Bias (%) 228251 1:343 1:796
SD (Asy. SD) 0:507(0242) 0:036(Q042) 0:001(Q001)
RMSE 0:719 0:036 0:001
Bias (A. Bias) 0:185(0180) 9:2 10 %(7:0 10 %) 87 10 °(2:9 10 °)
n = 300 R Bias (%) 82836 1.018 1:062
SD (Asy. SD) 0:222(0153) 0:025(0026) 0:0007(00006)
RMSE 0:289 0:025 0:001
Bias (A. Bias) 0:108(Q108) 3:7 10 #*(4:1 10 %) 55 10 °(2:9 10 ®)
n = 500 R Bias (%) 48612 0:408 0:669
SD (Asy. SD) 0:148(0118) 0:019(002) 0:0005(00005)
RMSE 0:183 0:019 0:001
Bias (A. Bias) 0:025(Q027) 9:2 10 °(1:0 104 29 10 °(2:9 10 °)
n= 2000 R Bias (%) 11:145 0:1020:346
SD (Asy. SD) 0:058(Q060) 0:009(Q01) 26 10 4(2:5 10 %
RMSE 0:063 0:009 26 10 4

Table 1: Bias, Relative bias(R.bias), standard deviation(SD) and the root mean squared

error(RMSE) of the pseudo-lilelihood estimator for the CIR models; gures inside the
parerthesesare those predicted by the theoretical expansionsin Theorem 2.
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(a) VasicekModel 1 and CIR Model 1
N

AJ /\B N /\J /\B

Bias 0:481 0:120 0:001 0:464  0:122 0:002

n= 120 R Bias (%) 56039 14941 0:118 52005 13650 0:178
SD 0:659 0767 0:623 0:627 0:730 0:651

RMSE 0:816 0778 0:623 0:780 0:739 0:651

Bias 0:181 0:026  0:003 0:179 0:027  0:004

n= 300 R Bias(%) 21082 3:.070 0:406 20107 3:094  0:447
SD 0:329 0:353 0:321 0:334 0:365 0:326

RMSE 0:375 0354 0321 0:380 0:366 0:326

Bias 0:111 0:005 0:001 0:107 0:008 0:007

n= 500 R Bias(%) 12880 0586 0:073 12037 0:842 0:826
SD 0:240 0:250 0:235 0:247 0:257  0:245

RMSE 0:265 0:250 0:235 0:269 0:257 0:245

(b) VasicekModel 2 and CIR Model 2

N AJ /\B N AJ /\B

Bias 0:507 0:112 0:032 0:509 0:088 0:030

n= 120 R Bias (%) 236344 51974 14774 228251 39283 13579
SD 0519 0:645 0:510 0:507 0:623  0:501

RMSE 0:726  0:655 0:511 0:719 0:630  0:502

Bias 0:191 0:029 0:002 0:185 0:032 0:008

n= 300 R Bias(%) 88985 13465 0:829 82836 14428 3461
SD 0:221 0261 0:219 0:222 0:265  0:226

RMSE 0292 0262 0:219 0:289 0:267  0:226

Bias 0:114 0:011 0:002 0:108 0:0161 0:003

n= 500 R Bias(%) 53033 5230 0:861 48612 7:209  1:325
SD 0:150 0:170 0:147 0:148 0:167  0:150

RMSE 0:189 0:171 0:147 0:183 0:168  0:150

Table 2: Comparisonsof bias correctionsfor the Vasicekand CIR Models,”; and ~g are,
respectively, the jackknife and bootstrap bias correctedestimatorsfor
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CIR model 2

N N N2 /\J /\B
True Value 0:223 0:09 0:008 0:223 0:223
Bias 0:494 0:004 1 10*“ 0:.072 0035
n= 120 R Bias (%) 221684 4:778 1.507 32412 15559
SD 0:490 0:058 0:001 0596 0514
RMSE 0:696 0:058 0:001 0601 0516
Bias 0:180 0:001 6 10° 0:035 0013
n= 300 R Bias (%) 80559 1:349 0:700 15803 5618
SD 0:223 0.0262 0001 0262 0234

RMSE 0:286 0:0262 0:001 0:265 0:234

Bias 0:1001 7 10* 4 10° 0:.022 0:.003

n=500 R Bias(%) 45279 0834 0:478 9:806  1:493
SD 0:147 0:019 0:001 0:166 0:151

RMSE 0:178 0:019 0:001 0:167 0:151

Table 3: Parametersestimation and bias correction for CIR Model 2 basedon the approxi-
mated likelihood method of Ast-Sahalia (1999).
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Bivariate Feller Process

n= 120 11 21 22 1 2 2 2
True Value 0:223 0:4 0:9 0:09 0:08 0:008 0:03
Bias 0.478 0.396 0.531 0.001 -0.0001 -0.0002 -0.0006
(0.101) (0.168) (0.187) (0.0001) (-0.001)  (-0.0001) (-0.0005)
Rbias(%) 214.48 08.948 88.442 1.537 0.147 2.68 2.141
(45:227) (41:948) (31:086) (0:135) (2:273) (1:245) (1:672)
SD 0.468 0.584 0.561 0.037 0.036 0.001 0.0041
(0:543) (0:846) (0:696) (0:037)  (0:037) (0:001)  (0:004)
RMSE 0.669 0.705 0.772 0.037 0.036 0.001 0.0042
(0:553) (0:863) (0:721) (0:037)  (0:037) (0:001)  (0:004)
n= 300 11 21 22 1 2 2 2
Bias 0.174 0.08 0.206 0.002 -0.0009 9 10 ° 7 10 °
(-0.003) (0.064) (-0.006) (0.002) (-0.0012) ( 1 10 5) (-0.0002)
Rbias(%) 78.048 20.048 34.368 2.131 1.12 1.06 0.219
(1.266) (15.890) (1.006) (1.710)  (1.499) (0.164)  (0.776)
SD 0.212 0.304 0.303 0.026 0.023 0.0006 0.0027
(0.208) (0.297) (0.288) (0.026)  (0.023)  (0.0007)  (0.0027)
RMSE 0.275 0.314 0.366 0.026 0.023 0.0007 0.0027
(0.208) (0.303) (0.288) (0.026)  (0.023)  (0.0007)  (0.0027)
n = 500 11 21 22 1 2 2 2
Bias 0.102 0.017 0.115 310° 0.000423 5 10 ° 0.0002
(-0.003) (0.024) (-0.013) (L 105 ( 8 105 ( 6 109 (-0.0001)
Rbias(%) 4552 4.271 19.087 0.035 0.528 0.656 0.64
(1.227) (6.102) (2.163) (0.012)  (0.099) (0.077)  (0.359)
SD 0.148 0.22 0.214 0.021 0.018 0.0005 0.0024
(0.147) (0.227) (0.206) (0.021)  (0.019)  (0.0005)  (0.0021)
RMSE 0.179 0.22 0.243 0.021 0.018 0.00048 0.0024
(0.147) (0.228) (0.206) (0.021)  (0.018)  (0.00048) (0.0023)

Table 4: Bias, Relative bias(R.bias), standard deviation(SD) and the root mean squared
error(RMSE) of the pseudo-likelihood estimator for a Bivariate Feller's Process; gures in
parenthesesare those for the bootstrap bias corrected estimators.
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(a) Under VasicekProcess

N A N2 |§ é
Estimates 0:261 0:07 0:0005 0:846 3:03
Estimated Bias 0:125 2 10 ° 2 10 ° 0:004 0:313
Bootstrap Estimates 0:136 0:07 0:0005 0:852 3:67
QD(Asy:SD) 0:17(0:12) 0:015(0014) 3:5 10 5(3:4 10 %) 0:.015 1:146

(b) Under CIR Process

PN A N2 |§ é
Estimates 0:146 0:07 0:0043 0:852 2:64
Estimated Bias 0:127 8 10 ¢ 310° 0:004 0:294
Bootstrap Estimates 0:018 0:069 0:0043 0:860 3:39
QD(Asy:SD) 0:152(011) 0:02(0:02) 3.0 10 4@3:0 10 4) 0:014 0:996

Table 5: Results for a casestudy: P and € are the estimated prices for the discourt bond and
Europeancall option respectively; Estimated Bias, Bootstrap Estimates and dD are respectively the
bootstrap estimate of the bias, the bootstrap bias corrected estimate and the bootstrap estimation
of the standard deviation; gures in parenthesesare the asymptotic standard deviation (Asy.SD)
basedon the leading order variance given Theorems 1 and 2.
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